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PREFACE. 



This Treatise on the Undulatory Theory of Optics was 
first printed in the year 1831, as the last Essay in the 
Second Edition of a series of "Mathematical Tracts;'* 
and was subsequently reprinted, occupying a similar place, 
in successive editions of that work. 

At the suggestion of the Publisher, it has now, with 
my approval, been printed in a separate form. Its arrange- 
ment and details are however the same, without material 
alteration, as in the Fourth Edition of the "Mathematical 
Tracts." 

I am happy to state that the work has been passed 
through the press under the superintendence of Robert 
• Morton, Esq., BA. of St Peter's College. Every security 
V, is thus given for the general accm-acy of the publication. 

G. B. AIRY. 

ROTAL ObSBRVATOBT, GREENWICH, 

1866, July ^7. 
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EXTRACT FROM THE PREFACE TO THE SECOND 
EDITION OF THE MATHEMATICAL TRACTS. 



" The Undulatory Theory of Optics is presented to the 
reader as having the same claims to his attention as the 
Theory of Gravitation : namely, that it is certainly true, 
and that, by mathematical operations, of general elegance, 
it leads to results of great interest. With regard to the 
evidence for this theory; if the simplicity of a hypothesis, 
which explains with accuracy a vast variety of phasnomena 
of the most complicated kind, can be considered a proof 
of its correctness, I believe there is no physical theory so 
firmly established as the thieory in question. This can be 
felt completely, perhaps, only by the person who has both 
observed the phaenomena and made the calculations ; as to 
my own pretensions to the former qualification, I shall 
merely state that I have repeated nearly every experiment 
alluded to in the following Tract This character of cer- 
tainty I conceive to belong only to what may be called the 
geometrical part of the theory : the hypothesis, namely, that 
light consists of undulations depending on transversal vi- 
brations, and that these |;ravel with certain velocities in 
difierent media according to the laws here explained. The 
mechanical part of the theory, as the suppositions relative 



Vlil EXTRACT FROM THE PREFACE TO SECOND EDITIOfT. 

to the constitution of the ether, the computation of the in- 
tensity of reflected and refracted raya, &c, though generally 
protatle, I conceive to be far from certain. 

" The plan of this Tract has therefore been to inclnde 
those phaenomena only which admit of calculation. Many 
subjects are thus excluded (for instance, the absorption of 
light by coloured media) for which supplementary theories 
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ON THE 



UNDULATORY THEORY OF OPTICS. 



ON UNDULATIONS GENERALLY. 

Pbop. 1. To explain the nature of an Undulation. 

1. The characteristic of an undulation is, the continued 
transmission in one direction of a relative state of particles 
amongst each other, while the motion of each particle sepa- 
rately considered is a reciprocating motion. The disturbance 
of the particles from their state of rest, and their motion, may 
te in any direction whatever, 

2. For example: in fi^. 1, let the line (a) represent a 
number of particles in their position of rest : and suppose 
that in corisequence of a disturbance they are at a git-en time 

Tin the position (/8) : at the time Th- 7, in the position (7) : 

at the time T+ -j- , in the position (S) : at the time T+-T-9 

in the position (e) : and at the time T+r, in the position (f) : 
and in intermediate positions at times intermediate to these. 
At the time T the particles are in the state of greatest con- 
densation about a, a , and a". Suppose we fix our attention 
on one of these condensed groups, as for instance that of 

which a' is the center. At the time T+-r the center of the 

4 

condensed group has glided from a' to d', not by the motion 
of all the particles in that direction, but by such a difierence 
of motions that the particles about a* are not so close together 
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as they were, and the particles about d* are closer together 

than they were. At the time ^+-7- the point of greatest 

condensation has advanced to g\ precisely the point where at 
the time T there was the least condensation : at the time 

T ■\--r-^ it has advanced to lc\ and at the time iT+r, to a". 
4 

The particles are now, it may be observed, in just the same 
state as at the time T, for a was then the center of a con- 
densed group. After this, everything goes on in the same 
manner, beginning at the time T+ t, as it did beginning at 
the time T. All that we have said with respect to the con- 
densed mass about d applies to those about a, a", and a\ 
Now if these motions were really going on before our eyes, 
we should see several condensations (not the condensed par- 
ticles) passing uniformly and continuously from the left to 
the rignt of the line of particles. 

But if we fix our attention on any one of these particles, 
we shall see that it has a reciprocating or oscillating motion. 

The particle a is advancing from T to 2^+ j, when it has 

3t 
attained its greatest advance: it recedes then to T-\-~r-'' i* 

then advances again. The particle d advances from T (when 

it is at its minimum advance) to r+ — : it then recedes 

to T+T. The particle g recedes to 2^+t> then advances 

3t 
to r+ — , then recedes. And so for the others. The vary- 
ing state of particles which we have here supposed, satisfies 
therefore the conditions mentioned in (1), and therefore this 
is an instance of undulation, the motion of every particle 
being backwards alid forwards in the same line as the direc- 
tion of transmission of the wave*. 



* This is the kind of undulation which in the air produces sounds and is 
the only kind which, till within a few yearS| was used for the explanation of 
the phenomena of Optics. 
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3. As another example, let (/8), (7), (S), (c), (f), of fig. 2, 

represent successive states of the particles which when at rest 

were in the position (a). If we fix our attention on one of 

the most elevated parts, as for instance hy at T, we find that 

T . 2t 

at 2^+T tlie elevation has passed to a: at T+t- to d'\ &c. : 
4 4 J 

though the particles have had no motion whatever in that 
direction. And if these motions were actuallv before us, we 
should see several elevations passing uniformly and continu- 
ously from the left to the right. But if we fixed our attention 
on any one particle, we should see that it has an oscillating 
motion above and below the line. The particle a for instance, 

is at its greatest elevation at T-\- j , and at its greatest de- 

3t . . 
pression at r+ — : c? is at its greatest depression at T^ at its 



2r 
greatest elevation at r+ — , and at its greatest depression 

at 5r+ T : and so for the others. This varying state of par- 
ticles is therefore another instance of undidation, the motion 
of every particle being at right angles to the direction of 
transmission of the wave. 

We might conceive more complicated cases of undulation, 
as when the motion of the particles is compounded of the two 
motions supposed in these two cases* ; or when there is one 
motion similar to that represented in fig. 2 in the plane of 
the paper, and another perpendicular to that plane f; «Scc. 
The last of these suppositions is that to which we shall here- 
after refer the phaenomena of polarization, and of Optics in 
general. 

Peop. 2. The length of a wave does not depend on the 
extent of vibration of each particle. 

4. It is easily seen that the interval between correspond- 
ing points of two waves of condensation in fig. 1 (which is 

* This is the kind of imdulation which takes place on the surface of deep 
water in a cahn. 

t This is the undulation of a musical string, 

1—2 
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the distance from a to a\ a' to a", &c at T, or the distance 
from d to d\ d' to d", &c. at T-\- - , &c.) is wholly inde- 
pendent of the extent of vibration of each particle. For if 
each particle vibrated only half as far as is now snpposed, 
still at jP, a wonld be a point where the particles are most 
condensed, and ci would be the next point where they are 
most condensed, and a" the next, &c. The interval between 
similar points of two waves (which we shall call the length of 
a wave, and shall always denote by the letter X) would be the 
same as at present: the only difference would be that the 
particles about a, a', &c. would not be so closely condensed, 
nor those about g, g\ &c. so widely separated as at present. 
Similarly the length of a wave in fig. 2 would be unaltered 
if the vibration of the particles were altered in any ratio : 
the only difference would be that the elevation of the high 
points and the depression of the low points would be altered 
m that ratio. 

Prop. 3. The length of a wave depends on the velocity 
of transmission, and on the time of vibration of each particle. 

5. In the cases both of fig. 1 and of fig. 2 (and in every 
other conceivable case of a continued sequence of waves) we 
see that every particle has returned to the same state at r+ t 
as at r, that is, that the vibration of every particle is com- 
pleted in the time t. But in this time the wave has appeared 
to glide over a space equal to the interval between cor- 
responding points of two waves, or \. Hence we find, 

• 

Space described by the wave in the time of vibration of a 
particle = X. i 

Velocity of wave = p c -i ^. ^ in- • 

•^ tune of vibration or a particle 

Prop. 4. To express algebraically the transmission of an 

undulation. 

• 

6. The quantity for which we shall seek an expression is, 
,the distance of any point from its point of rest, in a function 
of the time and of the distance of that point of rest from some 
fixed point. Let x be thfe original distance of any point in 
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the line (a) from some fixed- point: to find an expression for 
its disturbance at the time t, in a function of x and <, con- 
sistent with the conditions of an undulation. By the original 
description of an undulation (1), putting v for the velocity of 
the wave's transmission, it is easily seen that whatever be the 
state of disturbance at the time ^ of a particle whose original 
ordinate is x, the same state of disturbance must hold at the 
time t + t' for a particle whose original ordinate is a? + vt\ Or 
if ^ express the form of the fimction, 

^ (oj, t) must = {(aj + 1?^'), (t + 1% 

whatever be the value of t\ It will be found on trial that 
<f) {vt — x) satisfies this condition, <f> being any function what- 
ever. For putting ^ + ^ for ty and x + vz for a?, it becomes 

^ [v («+<') - («+ vfj] « ^ (t?«-a), 

the same as before. But it may be found analytically thus. 
Expanding the second side we have 

the general solution of which gives 

^ (a?, *) = ^ {yt — a?)*. 

L' 

7. This expression however is too general to be of much 
use to us, and we will choose a particular form that will be 
more convenient. Suppose we fix on this condition to deter- 
mine the form of the function :* the vibration of each particle 
shall follow the same law as the vibration of a cycloidal pen- 



* This is the expression fotind, bj investigation from fMcKamcal principles, 
for the disturbance of the particles of air when sound passes along a tube of 
uniform bore, or for the disturbance of aa elastic striQg (as that of a musical 
instrument) fixed at both ends. 
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dulam. The distance of a cycloidal pendulum from its placb 
of rest is expressed by • 

a sin |« A /(jj + C7 {• , or a sin (n<+ (?)• 

The required function then for the disturbance of a particle is 

a sin J- (i?^ — a:)+-4|-. 

For while we consider the motion of a single particle only, x 
is constant, and the expression is. 

TIQS 

a sin {nt + (7), where (7 =-4 . 

At the same time it is a function of t?f— a?, and therefore 
satisfies the condition requisite for an undulation. We will 
therefore assume as the expression for the disturbance 

asin(n^ \'A). 

But it is plain that, without any loss of generality, we may 
get rid of A by altering the origin of time from which t is 
reckoned, or the origin of linear measure from which x is 
reckoned. We may therefore take 

nx\ 



, . / nx\ 



as the expression for the disturbance when one undulation 
only (consisting of an indefinite number of similar waves) is 

considered. 

* 

8. A form somewhat more convenient may be given thus. 
The expression 

fix 
iP'oes through all its periodical valuer while nt increases by 



r-, 



INTERFERENCE OF UNDULATION^. 



27r, or while t increases by — . — is therefore the time of 

n n 

vibration of a particle. But by (5) 



t? = 



time of vibration 2ir 27r * 

n 



Consequently n == -rr— , and therefore the disturbance 

At 

= a sin \— {vt — x) + -4 j- , 
for which we may put 

. a sin \— {vt — a?) }• 

when a single undulation only is considered. It is to be ob- 
served that a is the maximum vibration of any particle. 

Prop. 5. To explainthe interference of undulations. 

9. By interference is meant the co-existence of two un- 
dulations in which the length of a wave is the same. The 
conception of interference is not in any circumstances easyt, 
and it is more particularly difficult with regard to Physical 
Optics, from our ignorance of the physical causes to which the 
undulation is due. 



* This is the fonn of the function tacitly assumed by Newton for the dis- 
turbance of particles of air, in his investigation of the velocity of sound. (Prin- 
dpia. Lib. ii. Prop. 47). 

f The simplest illustration is perhaps to be found in the crossing of two 
waves on the surface of water, each of which affects the surface in the same 
manner as if the other were not there. If we conceive two series of waves, 
produced by agitating the surface at two points, to spread in circular forma 
with equal and uniform velocities, and if one agitation was created a little be? 
fore the other, so that the wave proceeding from one has proceeded as far (In 
a given direction) as the hollow between two waves proceeding from the other, 
then it may be imagined that at every point where this holds, the elevation 
pf one wave may exactly fill up the hollow of the other, and the surface will 
be^ in fact^ undisturbed. 
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10. *If we investigate, from the known properties of air, 
the motion of the particles (supposed parallel to a fixed line), 
we find this differential equation for the disturbance of a 
particle 

^^v* — =0 
df ds? 

(t?* being a constant, = mgH in the common notation, and X 
being the disturbance from the state of rest), and the solu- 
tion is 

X = ^(t7e-a;)+'^(v« + a?), 

where the form of the functions is to be determined by the 
initial circumstances. Or if we suppose the wave of air to 
move only in one direction, the expression for the disturbance 
will be ^ (yt — x). And this may be divided into several dif- 
ferent expressions, 

'^(v^ — a?) +x(t7« — aj) + v {vt—x) +&c. 

where the form of each is to be determined by the initial cir- 
cumstances, or by the cause of the undulation. If there was 
only a single original cause for the imdulations, there would 
be only a single term -^ {vt — x) to be preserved. But if there 
were several distinct original causes for the imdulations, there 
would be a single term corresponding to each of these to be 
preserved, and the whole disturoance would be the simi of all 
these terms. And it is particularly to be remarked, that the 
whole disturbance thus found as the efiect of all the original 
causes together, is precisely the sum (with their proper signs) 
of a humber of disturbances, each of which would nave been 
produced by one of the original causes acting separately. 

11. Now if we examine to what this property of the solu- 
tion of the differential equation (namely tnat it can be broken 
up into several parts all similar to each other and to the whole) 
is due, we find it is owing to the circumstance that the diffe- 
rential coefficients- of u were raised only to the first power in 

* The reader who is not familiar with the investigation of the problem of 
Sound may omit the next three articles. 
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the equation, or (to express it in other words) that the equa- 
tion was linear. For the differential coeflScient of the sum of 
a number of functions is the same as the sum of the differential 
coefficients : but the square of the differential coefficient of a 
sum of functions is not the same as the sum of their squares, 
&c. If then the differential coefficients (and the uuKnown 

Juantity itself if it enters in the equation) be all of the first 
imension, the substitution of a sum of functions is the same 
as the sum of their substitutions separately, and therefore if 
each of those functions satisfies the equation, their sum will 
satisfy the equation. But if they are raised to a higher power, 
the substitution of the sum is not the same as the sum of the 
substitutions, and therefore if each function satisfies the equa- 
tion, their sum will not. 

12. If now we retrace the steps of the investigation for 
air, it will be seen that the linearity of the differential equa- 
tion depends upon this physical fact, that upon altering by a 
small quantity the relative position of particles, the forces 
which they exert undergo variations very nearly proportional 
to that small quantity. And in any other case where this 
holds, the equations wiU be linear ; and the wave-disturbance 
of any particle, produced by a number of agitating causes, 
will be the sum of all the wave-disturbances which these 
causes would singly have produced. We can hardly conceive 
any law of constitution of a medium in which undulations are 
propagated, where this does not hold, and we shall therefore 
suppose it to be true for light 

13. Taking it then as a fact that the disturbance of every 
particle produced by two co-existent imdulations. will be the 
sum of the disturbances which they would produce separately, 
we will consider the nature of the disturbance produced by 
the superposition of two such undulations as those treated of 
in (7) ana (8), each of which is represented geometrically by 
fig. 1, if the vibrations are. in the direction of the waves 
transmission, and by fig. 2, if they are perpendicular to that 
direction. For convemence of figure, we will suppose them 
of the latter class : but all that we say will apply as well to 
the former. We will suppose the length of a wave the same 
in both undulations. In fig. 3, let the Italic letters of (a) 
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represent the state of an undulation, at the time T, where the 
law of vibration is 

a sin — (v< — 0? + ^) , 

At 

and let (fi) represent the state of another undulation at the 
same time where the law of vibration is 

J sin — (t;< — oj + J5). 

If from any point in (a) we measure upwards a distance equal 
to the elevation of the corresponding point of (^), or measure 
downwards a distance equal to the depression of the corre- 
sponding point o{ (8), we shall determine the position of the 
Boman letters. Their distances from the straight line re- 

? resent the effect of the superposition of the two undulations, 
^his is evidently an undulation of the same kind, and with 
waves of the same length, as either of the others. But in the 
instance as we have supposed it, the addition of the undula- 
tion (^) to (a) has dimmished the maximum vibration of the 
latter, and has made the maximum to exist at a different part 
of the line. Thus we see that the magnitude of vibration 
in an undulation may be diminished by the addition of 
another imdulation transmitted in the same direction. This 
is a point of great importance, and deserves the reader's at- 
tentive consideration, 

14. The geometrical figures which we have given are 
merely illustrations : the conclusion that we have arrived at 
will be more readily obtained from the algebraic expressions. 
Adding together the two disturbances 

a sin \— {vt — x)+A^ and J sin -{— (v< — a?) + -BJ- , 

we have for the whole disturbance 

{acoaA + hcoaB) sin ")-T7(v^'"^)f 

+ (asin^ + &sin J?)cos ]-t-(v^ — «)(■ # 
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This may ))€ pat under tlie form 

c sin 4— (y^ — a?) + (7 }• , 

if ccos (7 =3 a cos -4 + J cos J?, csin 0= a sin -4 + 5 sin 5. 

It is very important to remark that the square of c, the new 
coefficient, is the sum of the squares of the coefficients of 

sin -j— {vt — a?)}- and cos ■!— {vt — x)]r • 

We shall have occasion frequently to refer to this theorem^ 

In the present instance, 

c»=a* + J» + 2a&cos(^-J5): 

and the quotient of c sin (7 by c cos C gives 

^ aainA + bsinB 
a COS -4+ 6 COS jd 

The form of the expression 

shews that the length of a wave is the same as in either of the 
undulations compounded; but the difference of value of G 
from A and B shews that the maximum of vibration for a 
given particle 'does not generallv take place with the same 
value of ^ as for either of the undulations compounded. The 
magnitude of the maximum vibration, which is c or 

V{a' + J' + 2a6 cos (4 - ^}, 

depends on the value of A — B: its greatest value is a + S, 
when -4 — 5=0, and its least value is a -- J, when A --5=180*^ 
In these two cases G is equal to one at least of the two angles 
A and B. 

« 
Prop. 6. To examine the effects of interference of two 
equal and similar undulations : and to shew that when one is 



osm 
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ip + i) X length of the wave behind the other {p being a 
whole number) they will destroy each other. 

15. In the case of equal vibration, a = J. The value of 
c is then 

A — B 

V{2a*+ 2a* cos (J. - 5)} = 2a cos — - — , 

,^ ^ sin ^4- sin 5 ^ A-^-B ^ A+B 

and tan C7= ^ ri = tan — - — , or C/ = — - — . 

cos-4 + cosi^ 2 ' 2 

If A —5 = 0, the value of c is 2a, and G=A: that is, if we 
add two such undulations as (fi) and (J^ (fig. 2), we shall 
have an undulation in which the maxima are at the same 
places, and the maximum vibration is double what it was 
before. With any other value of J. — J5, c is less than 2a : 
and when B== A± 180*, c is 0, that is, there is no motion 
whatever. To understand this clearly, we must consider what 
is meant by the expression 

a sin |— {vt — i) + JSL 

or, (in this case of destruction of the motion) 

asin J— {vt — x) +A ±7r|-. 
This is the same as 

asinj-^ (^^""^ioJ "^"^l * 
Now this is exactly the same expression as 



asin-j— (i;< — a?)+-4K 



putting » T r instead of a?. That is, the expression for the 
disturbance in this second undulation, it B=A± 180^ is the 
same as that in the first, provided instead of x we take a? T - . 
That is, on6 of the undulations may be represented by the 
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same construction as the other, provided we suppose it in ad- 
vance or in arrear of the other by half the length of a wave. 
The undulations (fiy and (S), or (7) and (e) in figures 1 and 
2 have this relation to one another. And it will very easily 
be seen in fig. 2, that if we compound {S) with (fi) by a 
process similar to that which we used in fig. 3, (13), the 
elevations of particles in (8) will correspond to equal de- 
pressions in 0), and vice versd, and consequently oy their 
combination the particles will all be brought to their original 

position. The same will be true after the time j when O) 

has been changed to (7), and at the same time (S) has been 

changed to (e) ; and at every other time : and therefore there 

will be continued rest. Thus we arrive at the extraordinary 

conclusion that one imdulation may be absolutely destroyed 

by another with waves of the same length transmitted in the 

same direction, provided that the maxima of vibrations are 

equal, and that one follows the other by half the length of a 

wave. Since the retardation of a whole length of a wave, or 

two whole lengths, &c., produces no alteration in an undula- 

3\ 5\ 
tion, it is plain that a retardation of — , — , &c. will produce 

the same efiect as a retardation of ~ ; and thus two undula- 

tions will destroy each other if the maxima of vibration be 
the same and the waves be of the same length and transmitted 

in the same direction ; and if one follow the other by - , or 
^,or— , &c. 

16. The reader is requested particularly to remark this 
apparently strange conclusion. It is of the greatest import- 
ance in Physical Optics, for the following reason. We shall 
refer hereafter to experiments which shew that the mixture of 
two pencils of light will produce darkness. This fact seems 
to defy any attempt at explanation on the supposition that 
light is occasioned by the emission of material particles. But 
in consequence of the conclusion at which we have just ar- 
rived, it is perfectly explicable on the supposition that light 
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consists of a series of waves of either of the kinds mentioned 
in (2) and (3), transmitted by some mediam which pervades 
space. It is only necessary for perfect agreement that, in the 
two pencils which mix, the waves of one precede those of the 
other by spaces which may be represented by 

X 3\ 5\ » 

- , or — , or — , <KC., 

which is found experimentally to be true. Any other hypo- 
thesis, however, from which the same conclusion could be 
deduced would be, primd facie^ equally entitled to our at- 
tention. 

Prop. 7. To find the result of the interference of any 
number of waves. 

17. We have shewn in (14) the method of compounding 
the effects of two waves : the effect of several is found in just 
the same manner. Suppose for instance, the disturbance pro- 
duced'by one undulation was expressed by 

a sin J— (^^ "" ^) + -^ f • 
that of a second, by 

Jsin|^(t;«-a:)+5l; 
that of a third, by 

e sin J-^ {^i — a?) + ^L &c. 
The sum of these is 

(a cos u4 + & cos J? + e cos E + &c.) sin J -^ (vi - a:) }■ 

4- (a sin-4 + & sin jB + e sin jE+ &c.) cos \-^ (v<-a?)[ , 
which we will call 

i^'sin |~^ (v^ - a;)| + (7 cos 1^ (t;< - a:)l • 
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This, as in (14), may be put under the form 

c sin J— (v^ — a?) + (7 L 

if jP=ccosC> G^ = csin(7; 

whence c=^isJ{F^+G% tana=~. 

In some cases, where the effects of an indefinitely great 
number of indefinitely small waves are to be combined, F 
and Q may be found by integration : c and G are then de- 
termined by the same process as that just given, 

18. It remains now only to notice some cases of undula- 
tion not included in those already treated of. One is, that a 
single wave may be transmitted through a medium (as we 
know to be true with regard to air), and then our theorems 
about interference are not true. This however will not come 
under consideration, as there is reason to think that a single 
wave in air or in the medium of light would not produce the 
sensation of sound or colour. We shall generally consider 
the undulation as a succession of a great (but not infinite) 
number of waves. Another is, that the magnitude of the 
maximum vibration of a particle may depend on its situation : 
for instance, if waves diverge from a center, the vibrations 
must be more violent in the neighbourhood of that center 
than at a distance from it. This will be represented by ex- 
pressing the extent of vibration at any time by 

•^(a;).^(v^ — a;), 

or by the sum of several such functions. Since two succes- 
sive waves here would not be equal, our theorem about inter- 
ferences of waves lagging ^ j "^ > &c. would not be strictly 

true: but it is easily conceivable that, at a distance from 
the center of divergence, the neighbouring waves would be 
so nearly equal that our expressions would have no sensible 
error, 

19. Another case is, the interference of undulations whose 
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waves are of different length. We know with respect to air 
that the velocity of transmission is the same for waves of all 
lengths : and we might expect the same to hold good with 
regard to light. We shall afterwards refer to experiments 
which appear to shew that this is not true. Still whether 
V be constant or not, it is impossible to unite two such, 
terms as 

asinJ— (vf- aj) +-4|- and Jsin ■!-r-7(t?'^ — «) + J?L 

so as to destroy the original form. We have seen (17) that 
when any num ber of waves is combined, supposing, v and X 
the same for all, their sum contains no trace of the distinction 
of waves in which it originated ; and fixing upon any one 
point, or considering x as constant, the vibration is there 
expressed by 






the same form as that for the vibration of a cycloidal pen- 
dulum. But the two expressions 

«sin|Hp« + (^-H^)} and J8m|^^-« + (5^^)}, 

cannot be combined into that form, unless r = 77 , which there 

is no reason to think true. The consideration therefore of 
waves of different lengths may be kept perfectly separate, as 
their ultimate effect will be the same as the sum of all their 
separate effects, without any possibility of their destroying or 
modifying one another. 

20. The reader is requested to attend to the conventional 
signification of the following terms. 

By a wave we mean all the particles included between 
two which are in similar states of displacement and of motion. 
For instance, in any one of the cases O), (7), (S), (e), (f) of 
fig. 1 or 2, the particles included between b and b' form 
a wave : or those oetween /' and /" form a wave : &c. It 
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is easily seen that a wave includes particles in every possible 
state of displacement and of motion consistent with undula- 
tory vibration. 

The length of a wave we have explained to be the distance 
between two particles similarly displaced and moving simi- 
larly. The interval, in time, of two waves (that is, the in- 
terval between the arrival of two successive waves at the same 
point), it will be recollected, is the same as the time of vibra- 
tion of any particle, (5). 

By the phase of a wave, we shall denote the situation of 
a particle in a wave, considered as affecting its displacement 
and motion. For instance, h and V in fig. 1 or 2, are in 
similar phases^ because their displacements are equal, and 
their motions are also equal. But in (^) fi^. 2, h and / are 
not in the same phase : for though their displacements are 
equal, their motions are in opposite directions. Similarly^ 
and h are not in the same phase, for their displacements are 
different though their motions are equal. It is readily seen 
that particles are in the same phase when the distance be- 
tween them is a multiple of the length of a wave. ' 

We shall say that particles are in opposite phages when the 
displacement and motion of one are equal and opposite to those 
of the other. For instance, a and ^, or e and l\ m O), (7), (S), 
(e), or (f), of fig. 1 or 2 are in opposite phases. It is easy 
to perceive that particles are in opposite phases when their 
distance is an odd multiple of half tne length of a wave. 

In speaking of waves where the displacement of a particle 
is represented by 

a sin I — (t;< — a?) + -4 j- , 
we shall consider the arc 

as the measure of the ^^6. 

When we consider a wave as extending over space in a 
direction different from that in which it is transmitted, we 
shall use the term^ow^ of a wave to denote a continuous line 
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;as8ing through all those points which are in the same phase, 
"hus in fig. 4, suppose that a series of waves of an undola- 
tion are passing from the side AB towards CD : and suppose 
that the line EF passes through a number of points which are 
simultaneously in the same phase : then EF is a front of a 
wave. If at the same time GH be another line passing 
through a number of points which are simultaneously m some 
other phase, GH is another front of a wave. In considering 
space of three dimensions it is plain that the front of a wave 
will generally be a surface. 

21. We shall now state a principle of which we shall 
make extensive use in the calculation of Optical phenomena. 

The effect of any wave in disturhing any given point may 
he found by talcing the front of the wave at any given time, di" 
viding it into an indefinite number of small parts, considering 
the agitation of each of these small parts as the catise of a small 
wave which will disturb the given point, and fnding by sum-- 
mation or integration the aggregate of all the disturbances of the 
given point produ>ced by the small waves coming from all points 
of the great wave. 

In demonstration of this principle it seems sufficient to say 
that the agitation of one part at one time is really and truly 
the cause of the agitation of another part at another time : 
and that the effect of the great wave, which really is a num- 
ber of small agitations, will by (12) be the sum of the effects 
of all the small agitations. 

22. A question now arises. What is to limit the waves 
diverging from each of these small sources of motion ? The 
disturbance spreads generally in a spherical form, so that 
the front of each little wave is a sphere : are we to suppose 
the sphere complete, so that each small undulation is propa- 
gated backwards as well as forwards ? 

The following answer appears to be correct, but its appli- 
cation in several cases seems doubtful. The effect of each 
small wave must be limited by the same considerations which 
limit the effect of the great wave. Now we know, from the 
algebraical investigation, that a single wave may be trans- 
mitted along a stretched cord, or in air, without being fol- 
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lowed by another*. In this case it is plain that the present 
agitation of one point causes the future agitation of the points 
in the direction in which the wave is going, but of none in 
the direction from which it came. In figure 4 for instance, 
if a single wave is going from AB towards CjD, and if EF be 
the front of the wave at any time, then we know that the dis- 
placement in EF is the cause of future displacement in GH^ 
because in consequence of the existence of this wave there 
will hereafter be a wave at GHi but we know that the dis- 
placement in EF causes no future displacement between EF 
and AB, because, though the displacement in EF exists, 
there will hereafter be no wave between AB and EF. If 
then we divide EF into a great number of parts, we must 
consider the displacement in each as causing a hemispherical 
or nearly hemispherical wave, which diverges only before the 
front of the great wave and not behind it. 



APPLICATION OP THIS THEORY TO THE EXPLANATION OF 
THE PHiENOMENA OF LIGHT WHICH DO NOT DEPEND 

ON POLARIZATION. 

23. We shall suppose that light is the undulation of a 
medium called ether which pervades all transparent bodies. 
Respecting the direction of vibration of each particle we shall 
make no supposition till we treat of polarized light, as the 

* The function X which expresses the disturbsuice may be discontinuous, that 
is, may be expressed by different algebraical forms for different values ofvt-x, 

// V 
(which we wiU call w), provided that -^— does not alter jper saltum. For in- 

stance X—0 while w is less than&: X=aversin "!-t"(^-^)}' from w =6 till 

w=h+\: X=0 while w is >h+\. This is a discontinuous function express- 
ing a single wave (since the particles are only disturbed when vt-x is 

/7 V 
>h<b+\). And it satisfies the condition just mentioned, since -7— is 

till w=& : its value is then a — sin •! — (w - 6) J- from w=b to w=h+\ thai 

is, it increases gradually from to a -:r- and diminishes gradually from a -r- 

A A 

to 0: and when w is >6+X, -j- is 0. 

2—2 



osm 
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results of this section are independent of the direction of vi- 
bration : to fix the ideas, however, the reader may conceive it 
to be of the kind represented in fig. 2. We shall suppose 
that a great number of similar waves follow without interrup- 
tion, and that the function which expresses the displacement 
of a particle is 

asin4— (vi — a?) + ^|-. 

When in our final results we have found the expression 

. f27r ^ ^ 27r ) 

for the displacement of the particles touching a screen or touch- 
ing the eye, we shall assume the intensity of the light to be 
represented* by c*. We shall suppose that the colour of light 

* We must take some even power of c to represent the intensity, since tbe 
undulation where the vibration is expressed by 

- c fidn I -^ (v< - as) + c{ 

differs in no respect from that whose vibration is expressed by 

+ c sin ly («<-«) + (;}, 

except that it is half the length of a wave before or behind it. The propriety 
of using the second power may be thus shewn. If two candles giving the 
same light be placed near each other and shine on the same screen, we say that 
there is twice as much light as if one only were shining on it : and this may 
be regarded as the experimental definition of double the quantity of light. 
Now if the vibration excited by one of these be 

csin j— {vt-x) + ci, 
and that excited by the other be 

cean 5— (r^-a:) + 2)! , 
the whole vibration will be the sum of these, or 

cV{2 + 2cos((7-i>)}sin |y(«^-«) + ^L 

where tanii= jz =,, 

COS 6^+ cos Z> 
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depends on the value of X^ but that \ is always very small : 
that for extreme red rays it is 0,0000266 inch : less for yellow: 
still less for green, blue, and indigo successively, and least for 
the reddish violet rays, for which X = 0,0000167 inch. Com- 
mon white light we shall suppose to consist of a mixture of 
waves of all lengths intermediate to these. 

Pkop. 8. A succession of waves, whose fronts are parallel 
to the screen CD (fig. 5) in which is the comparatively small 
opening A By is moving towards the screen : to find the mag- 
nitude of vibration on any point G of the semicircle CGD. 

24. Let H be the center of AB and of the semicircle, 
and let EG = r, OHG = ^, HA=b: divide AB into a great 
number of small parts, and let the distance of one at Z from 
H be z^ and its breadth Sz : then 

ZG = ^{r^-2rco&0.z + z'). 

When a w;ave comes to AB, consider separately the parts 
corresponding to the small divisions oiAB. It seems reason- 
able to suppose that each of these small parts will cause a 
diverging wave of equal intensity for all values of 0, For if 
the medium were air, and a rush of particles took place as in 
fig. 1, from EFy the only effect in the small part under con- 
sideration would be to cause a condensation of air : and this 
would cause a wave of equal intensity for all values of 0. K 
the vibrations were like those of fig. 2, and perpendicular to 
the plane of the paper, the same thing appears evident : if 

If the lights be represented by the sqaare of the coefficient we have 

light from a single candle =c* 

light from two candles = 2c* + 20* cos (C -J>), 

The value of C-D may be any whatever, and it is probable that in one second 
of time, from different systems of waves following each other, cos {C- D) may 
have gone through all its values many thousand times. To estimate the effect 
on the eye, we must take the mean of idl its values. As the negative values 
are equsd to the positive ones, the mean of all is 0. Thus we have 

light from two candles =20*. 

By using the second power therefore we obtain a result which agrees with our 
experimental definition : and the same would appear if instead of two candles 
we had taken three or any other number. But the agreement will not hold if 
we take any other power of the coefficient as the representative of the illumi- 
nation. 
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parallel to the plane of the paper, it is not so clear what the 
proportion of intensities would be. The maximum of vibra- 
tion when the wave reached G would, if it followed the same 

laws as in air*, vary nearly as -y^y . Now all the little waves 

* When a wave of air diverges eymmetrically through any giren solid 
angle, if r be the oiiginal distance of any particle from the center, r+u its 
distance at the time t, r+h the original distance of a second particle ; then the 
distance of the latter at the time t will be 



r-\-u+h(l-\-^\ 



du\ 



nearly : and the particles which formerly occupied a volume proportional to 
f^h now occupy a volume proportional to 

(r+«).A(l+g). 

or nearly proportional to 

Consequently, if the elasticity be as the m^ power of the density, the elasticity 
=original elasticity x ^ 

\ r drj 
=origfaia el«rticityx (l-m?^«-,„g) „e«rly. 

The original elasticity would support in opposition to the force of gravity a 
column of air whose height is ff. Supposing the section of the column to = 1 , 
its volume is ff, and its mass is ^ x mass of volume 1 ; and l^e original elas- 
ticity, estimated as an accelerating force, ia gHx mass of volume 1 : hence the - 
elasticity in the disturbed state 



=:ma8S 



of volume 1 x gE x ( 1 - m '"'*' >d )' 



If then we take a portion of the column as disturbed, whose original length 
=k, the excess of the elastic force at one end above that at the other 



=mass 



of volume 1 . mgH.Jc, j~ { "~ + j~ ) nearly: 



and the mass is mass of volume Jc : hence the equation for the disturbance of 
the particles is 

dNt „d flu du\ , d f2u du\ 

To solve this equation, let y=:rj u; 
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which originate from the different points of AB are in the 
same phase : hence we may express the disturbance which 
the little wave from the part hz produces at O by 

^^ :7:S=2tt+r-j- ; also -j^=r -jr', 
d/r dr' dfi' Jrdi^ 

and the equation becomes 

dr \r' dfij ~ dr \r: dr^J ' 

Solving this partial differential equation, ' 

andii=— M^ . ^^^^-^V . ^'(^<-*') ^{vt+r) f(vt-\-r) ^ 
dr \rj r* r '' r^ r ' 

If we suppose the wave to travel outwards only, 

1 1 

■T- iyt-r) +-4(, 
0' (vt-i) wiU=^ sin 1^ (vt-r)+A |, 

in 1?^ (t;<-r)+.i| - ^ cos I Y (t^-r) +i4|. 



and the disturbance 
2ira 



This may be put under the form 

csinjy («<-.r)+i4-c|, 

where 0= ^(^ + g) =^* ^(l +^), and tan (7 = A_. 

The expression for c shews that at a considerable distance the coefficient will 

be inversely as r : and as from r=0 tor=oo, C decreases from -^ to 0, it 

appears that the wave is accelerated as it goes on, and ultimately gains a 
quarter of the length of a wave on the space which it would have described 
with the uniform velocity v or yJ{mgH). 
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Expanding, 

ZQ =r — GO^0.z+ -r — «' + &c. 

2r 

z^ 
If ;2j be so small, and r so large, that - will never exceed a 

fraction of X, (or even if it amounts to several multiples of \), 
the terms after the second may be omitted. Then the dis- 
turbance produced by one little wave is 

chz . C27r , . /I \1 

—-ysm j— (t?< — r + cos^. «)v: 

and the sum of all the disturbances is 

In the integration we should produce no sensible error if we 
put r for ZG^ and this makes the sum 

27r 



-/, sin |— (vi — r + cos^. z) \ 



Integrating, it is 

r hCOs(— - (vi-r + cos^.;s)l, 

27rrcos^ I ^^ J 

and taking this from z = '-b to z^-hby the disturbance at 
(?is 



c\ r 



cos |— {vt-^r—cosO.b) f -"COS— ] (vt—r+QOs0.h) [ 



27rrcos^^ 

c\ . 27rJ cos 



irr cos 



. 27rJcos^ . (2Tr . ^ A 
. sm r- . sm j — \yt — r) > . 



This represents a vibration whose maximum is 



cK . 27rJ cos 
.sm r 



Trrcos^ 



25. We shall now proceed to compare the values of this 
expression for different values of 0. 
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Case 1. Suppose \ mucli greater than h. (This will 
generally be the case with sound, as for all audible sounds \ 
varies from a few inches to several feet.) 

Here :- will be a small arc, and will not differ much 

from its sine : putting the arc for the sine, the maximum of 
vibration becomes 

cX 27rJ cos 2ch 



or 



Trr cos d' \ ^ r ^ 

which is the same for all values of 0, 

Case 2. Suppose X much smaller than 5. (This will 
generally be the case with light.) 

For the part neiarly opposite to the entering wave, cos is 
very small, and 

c\ . 27rJcos^ 2cJ 
• sm 



TTT COS 0' X r 

In other parts tjie disturbance is when 
27rJ cos 



\ 

that is, when 



= + TT, or = + 27r, or = + Stt, &c.. 



Hence there is a succession of points in which there is abso- 
lute darkness. Of the intermediate parts, the brightest will be 
found (nearly) by making 

. 27rJ cos . ^ 
sm r = ± 1 : 

/ .... ,, , 27r6 cos , 7r\ 
<^ ( omittmg the value r- = + - J : 

then the maximum of vibration is tj . Consequently the 

irr cos ^ *f 

intensity of light at the brightest part of one of the bright 
portions is to that of the part nearly opposite to the entering 
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wave, as —j-i — rs t^ "T5~ > or as X' to 471^. J*.cos^d, or as 
Trr cos (/ T 

,_u,o 5-7; to !• K ^ be so small as for light (for instance 

if X = 0,00002 and I = 0,1 inch, Jj = ggo^ooo) ' '* ^ P^"" 

that the value of this ratio will be extremely small when cos 
has any sensible value, and we may say without perceptible 
error that, except nearly opposite to the entering wave, there 
will be complete darkness all round. 

26. If in the investigation we had included the terms de- 
pending on «*, we should merely have had a very small addi- 
tion to 

2'7r , ^ . 

"Y" (t?* — ^ + cos d . «), 

and this addition would not sensibly have altered in value 

27r 
while — (^^ — ^+cos^.«) increased by 27r. It will easily 

be seen that in Case 1 this would have produced no effect, 
and in Case 2 the maxima of brightness and the absolute 
darkness would only have been shifted a little way; their 
number, relative position, and the intensity of light, remaining 
sensibly the same*. And if for ZQ we had put its more accu- 
rate value r — cos 6 . 2?, the terms added to the expression 
would not have been sensible. 

27. The conclusion in Case 2 may also be obtained thus. 
In fig. 6 divide AB into a number of equal parts Aa^ abj Jc, &c. 

such that the distance of A from G is less than that of a by - : 

2 

that of a less than that of J by - ; and so on. The waves from 

corresponding parts of Aa and ab are, at starting, in the same 
phase. Consequently when they reach G, the wave from a 
part of Aa is in advance of that from the corresponding part 

* We shall hereafter consider cases in which these terms are sensible. 
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of aJ by - , or they are in opposite phases, and therefore, by 

(15), they destroy each other. Thus every part of Aa de- 
stroys a corresponding part of aJ, and therefore the whole 
effect of Ab is 0. Similarly the whole effect of bd is 0; &c. 
Thus if the number of parts be even, there is no vibration 

Sroduced at G: if it be odd, there is only the vibration pro- 
uced by the last of the small parts. But, for the position 
nearly in front of the wave, all the parts are nearly at the 
same distance, and the vibration is produced by the added 
effects of all the small waves coming from every part of AB. 
If Case 1 be considered in the same way, it appears that the 
difference of the paths of the waves from different parts of the 
opening is so small in proportion to the length of a wave, that 
all when they fall on G may be considered to be in the same 
phase, and therefore every part of the semicircle is in the 
same state of vibration. 

28. The conclusions at which we have arrived are very 
important as removing the original objection to the undula- 
tory theory of light. It was objected that if light were pro- 
duced by an undulation similar to that producing sound, it 
ought to spread in the same manner as sound : that if light 
coming from a bright point entered a room by a small hole, 
it ouglit (instead of going on straight to illuminate a spot on 
the opposite side) to spread through the room in the same 
manner as a sound coming in the same direction and through 
the same hole. The answer appears in the results of the last 
investigation : the length of the waves of air is much greater 
than the aperture, that of the waves of light much less : and 
the same investigation which shews that in the former case 
the sound ought to spread equally in all directions, shews 
that in the latter the light ought to be insensible except 
nearly in front of the hole. We have reason to think that 
when sound passes through a very large aperture, or when it 
is reflected from a large surface (which amounts nearly to the 
same thing) it is hardly sensible except in front of the open- 
ing, or in the direction of reflection. 

29. Our conclusion with regard to light is also important 
as removing one source of doubt in several succeeding investi- 
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gations. In our ignorance of the law of intensity of the 
vibrations propagated from a center in different directions, 
we have supposed the intensity equal in all directions : and 
yet with this supposition we have found that when the aper- 
ture is much larger than \, there is no sensible illumination 
except nearly in the direction in which the wave was going 
before it reached the aperture. The same would be true if 
the intensity diminished according to some function of the 
angle made with the original direction of the wave. Since 
then the illumination is (as far as the senses will be able to 
judge) nothing, except the obliquity is small, whatever be the 
function, we may assume that function of any form most con- 
venient, provided that it does not alter rapidly in the neigh- 
bourhood of the original direction, and does not increase 
considerably as the angle of obliquity increases. 

30. From the result of this investigation it appears also 
that the motion of every small part of the wave is perpen- 
dicular to the front of the wave. For in fig. 5 that part of 
the wave which passes through the orifice AB illuminates 
only that part of the semi-circle which is defined by drawing 
a straight line perpendicular to the front : and in the same 
manner if we haid covered AB and opened another orifice, we 
should have found that the only illumination was on the part 
determined by drawing a straight line through the new orifice 
perpendicular to the front. In this we see the origin of the 
idea of rays of light. The reader is particularly requested 
to observe that this theorem is proved only by the demon- 
stration of the proposition above, and depends entirely on this 
assumption, that the waves of light move with the same 
velocity in all directions. We shall hereafter speak of cases 
in which the motion of the wave is not perpendicular to its 
front. « 

It will readily be seen that the whole of this applies as 
well to the motion of the small parts of a wave whose front is 
not plane. 

Prop. 9. To explain the reflection of light on the undu- 
latory theory. 

31. We shall again refer to the motion of sound for an 
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analogical illustration of this point. In fig. 7 let ABCD be 
the front of a wave (which for simplicity we suppose plane, 
every part moving in parallel directions) advancing in the 
direction BB' or CG" and meeting the smooth wall G"B\ ' 
Then it appears from the investigation of sound* that after 

* Let X, y, z, be the original co-ordinates of any particle of air : and at the 
time t let them hex+X, y+Y,z+Z, Then the particle which originally had 
for co-ordinate x+Sx will at the time t have 

a;+Sa5 + X+- 3— 8aj nearly; 
dx ' 

or the distance between two particles in the direction of x, which was origi- 

l+-r-j nearly. Similarly the distances in 

the directions of y and z which were originally dy and dz are at the time t, 

dZ\ 
dzj' 

Consequently, the air which occupied the rectapgular parallelepiped whose 
sides were dx, Sy, Sz, now occupies the parallelopiped, nearly rectangular, 
whose sides are 

K'-S). K>*S). K'-S) 

And if the elasticity (represented by the pressure upon a unit of surface) was 
originally P, and yaried as (density)"*, ( m being nearly - j, the elasticity of 
the air in this parallelopiped is nearly 



?y(l+^ and fe (1 + 37 )• 



(- 



dX dT dZ\ 
dx dy dz) 



This then is the expression for the elasticity of the air about that point whone 
co-ordinates were originally x^y, z\ the alteration of elasticity being supposed 
small. 

Consequently, at the time f, the elasticity about that point whose co-ordi- 
nates were originally a;+A, ^, z, is 

^A dX dY dZ\ ^d f^ dX dT dZ\, 
\ dx dy dz J dx\ dx dy dz J 

And therefore if there is a small parallelopiped whose sides were h, h, I, the 
excess of pressure which urges it on in the direction of a; is 



-i('- 



dX dT dZ\. -, 
dx dy • dzJ 



dx\dx dy dzJ' 
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any part of this wave, as BCD^ lias come in contact with the 
wall, it will proceed in the direction C'J?, making with the 

And if W were the origiDal weight of the air in Tolume 1, the weight of this 
parallelopiped is W , hM. Consequently the acceleration in direction of x is 

mPKkl d (dX dT dZ\ , ^ j j v •* 

— — — p . -r ( -7- + -J- + -r I X acceleration produced by gravity 
WhJcl dx\dx dy dzj 

_mP d^ (dX dT dZ\ 

d?(x^X) ^mP d^fdX dY dZ\ 
^^ dt^ W ^ dx\dac'^ dy^ dzJ' 

Let ^ be the height of a homogeneous atmosphere : by which we mean that the 
pressure P would support a column whose height is H and base 1, weighing W 
for every nnit of volume : that is P—HW, Then 



or 



^d^/dX dT dZ\ 
"" dx\dx dy dz J ' 



df^ ' dt^ 

and similar equations hold for y and z. These are the general equations for 
the small disturbances of air. 

These equations cannot be integrated generally : but a number of different 
integrals can be found, adapted to particular purposes. For instance, puttiog* 
myH=i^y 

X='^ <l,'(vt - r) H-"^- ? ^vt - r) 

^-^fi'^i + r)- ^ rPivt + r) 

where r = jj{x - a)* + (y - 6)* + (z - c)> ; 

with similar expressions, mutatis mutandis, for T and Z, This is the general 
expression for spherical waves going to and from the center whose co-oi^nates 
are a, 6, c* 

Again X=cos a . <f>(vt - x cos o - y cos /5 - 2 cos 7), 

F=co8/5. 4>{vt-x cos a-y cosp-zcoBy), 

Z = coBy.<p{vt-xcoaa-ycoBp-zcoa y), 

where cos^ o + cos^)3 + cos' 7 = 1 ; cos a, cos/3, cos 7, being positive or negative. 

This is the equation for plane waves going in the direction of a line which 
makes with x^ y, and z, the angles a, j9, 7. 

It is particularly to be remarked that the sum of any number of these 
solutions may be taken for one solution : and also that the functions may be 
discontinuous, with the limitation mentioned in the note to (22). 

Now suppose the plane wave to be interrupted by a wail, whose equation 
is se=c. Since the particles of air constantly remain in contact with the wall, 
we must have X=0 when x—c, whatever be the values of y and 2. It is plain 
that the form above given for X will not satisfy this condition, and that no 
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wall the same angle as (7(7", but on the opposite side of the 
perpendicular: and the front of the wave will be jB'(7'jD', 
making with the Wall the same angle as jB(7jD, but on the 
opposite side : the extent of vibration &c. remaining as be- 
fore. And this appears to justify us sufficiently in the 
assertion that the waves of light may be reflected in the same 
manner. With regard to the smoothness of the reflecting 
surface, all that is necessary is that the elevations or depres- 
sions do not exceed a fraction of \. 

32. The following is a more independent method of 
arriving at the same result, and appears satisfactory. In fig. 
8 let ABC be the front of a wave going in the direction of 
AA\ As soon as each successive small portion of this has 
reached the surface, we will consider it as causing an agita- 
tion in the ether next in contact with the surface, and will 
suppose that agitation to be the center of a spherical wave, 
diverging with the same velocity as the plane wave {see the 
note to (24)}. Let us now consider the state of things when 
A has reached A'. B has reached B' some time before : and 
would at this time have arrived at D if not, interrupted. 
Consequently it has diverged into a sphere ah whose radius 
= jB'jD. (7 reached the surface at a still longer time previous, 
and would at this time have reached Ei it has therefore 
diverged into a sphere cd whose radius is GE. The same 

single function would do so. But with the addition of another function we 
may satisfy it. Thus, if 

X= cos a . *f>{vt -xcoaa-y cos /5 - z cos 7) 

-ooso. ^{vt+{x-2c) cos a-y co8]8-z C0S7}, 

y=cos p . <p{vt - X xjos a-y cos /5 - 2 cos 7) 

+ cos /3 . ^ {vt+ (x -2c) COB a-y COB p-z cos 7}, 

Z=co8 7 . ^ (t;^ - a; cos a - y cos )3 - z cos 7) 

+ cos y.<p{vt+{x-2c) cos a-y cos p-z cos 7). 

The differential equations are satisfied, and the condition X=0 when a;=:c is 
also satisfied. The first terms of X, Y, Z, taken together, express the original 
wave, whose direction makes angles a, /3, y, with x, y, z ; the second express 
the new or reflected wave, whose direction makes angles 180^ -a, /3, and 7 
with Xy y, andz. This shews that the direction of reflection follows the law com- 
only enoimced as the law of reflection. The intensity of the reflected wave 
\q same as that of the incident wave. This is the theory of oblique echos. 
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holds for every intermediate point. If now we examine the 
nature of the front of the grand wave formed by all these 
little waves, we see that it must be the plane which touches 
all the spheres, and which evidently makes the same angle 
with CA that AE ox AG makes with it, but inclined the 
opposite way. The motion of the wave, which is perpen- 
dicular to this front, makes therefore the same angle after 
reflection as before. 

It must be remarked that this demonstration is in no wise 
affected if we suppose all the spherical waves to be accelerated 
or retarded by the same quantity. If then we should find 
occasion hereafter to assert that in some cases the direction of 
vibration is changed at reflection, or (which amounts to the 
same) that half the length of a wave must be added to or sub- 
tracted from the path after reflection, the demonstration of the 
law of reflection will not be invalidated. 

Prop. 10. To explain the refraction of light on the un- 
dulatory theory. 

33. We must assume that the waves are transmitted 
with smaller velocity in glass, water, &c., and in all sub- 
stances commonly called refracting media, than in what we 
call vacuum. This assumption appears in the highest degree 
probable, whether we suppose the vibrations in tne refracting 
media to be vibrations of the same ether, incumbered by its 
connexion with the particles of the refracting body, or we 
suppose the vibrations to be vibrations of the particles of the 
refracting body. 

34. Now in fig. 9, let ABG be the front of a wave 
going in the direction of AA. As soon as each successive 
small portion of this wave has reached the surface CA of the 
refractmg medium, suppose it to cause an agitation in the 
ether or the particles of the medium at that surface, and con- 
sider that agitation to be the center of a wave, which diverges 
in a spherical form in the medium with a less velocity than 
the velocity of the plane wave. Consider the state of the 
particles when A has arrived at A\ B has reached B' some 
time before : and would have arrived at D if not interrupted 
by the refracting medium. Cotisequently it has diverged into 
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a sphere ah whose radius Is less than B'D in the proportion 
in which the velocity is diminished. Let /a be the number 
expressing this proportion : then 

Eh = - B'D. 

Similarly G has reached the surface still longer before, and 
has therefore diverged into a sphere whose radius 

The same holds for every intermediate point. Now the front 
of the grand wave formed by all these little waves is evi- 
dently the plane which touches all the spheres ; and there- 
fore makes with the refracting surface an angle whose sine 

Gc 
is TTjr. This angle Is equal to the angle which the direc- 

tlon of the wave (or the perpendicular to its front) makes 
with the perpendicular to the refracting surface : it is there- 
fore the angle of refraction. Consequently 

sin . refraction = -77-77 . 

GA 

GE 

Similarly sin . Incidence = ^rr • 



Therefore 



sin refraction _ Cfe _ 1 
sin incidence ~" GE fi * 



35. It is easily seen that a similar demonstration applies 
when the waves are transmitted in the second medium with 
greater velocity than in the first : which we suppose to repre- 
sent the circumstances of light coming out of a refracting 
medium into vacuum. If in this case, fig. 10, the angle of 
incidence is so great that Gc (the radius of the wave di- 
verging from G) is greater than GA', that is, if AA\ fi is 

AA' 
greater than GA' or -^ — TrTJ^^ ^^ sin A GA' is greater than 

1 . 1 

- , or sin . Incidence greater thaii - , no plane can be found 

3 
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which touches all the spheres. There will be no grand wave 
therefore : and the little waves causing displacements in dif- 
ferent directions will very soon destroy each other. Thus 
there will be no refracted ray. This is a well known law 
of optics. 

It must be remarked that the demonstrations of (32) and 
(34) are not free from obscurity, for the reason mentioned 
in (22). 

36. There is another phaenomenon attendant on refraction 
which we can explain but vaguely, though it is easily seen 
that the explanation is not without foundation. The particles 
of ether next in contact with the glass, (if we suppose glass 
to be the refracting medium) communicating motion to the 
denser ether within the glass, may be considered as small 
bodies striking large ones. Now if they followed the same 
law as elastic bodies*, a certain motion would be communi- 
cated to the large bodies, and the small bodies would lose 
their original motion and would receive a motion in the op- 
posite direction. The motion of the struck bodies causes the 
refracted wave of which we have just spoken; the motion 
remaining to the striking bodies will cause a Tcflected wave 
in the ether. The magnitude of the reflection will plainly be 
diminished as the difference between .the particles is dimi- 
nished. Thus refraction is always accompanied by reflection : 
and the reflection is more feeble as the vibrating media on 
both sides of the surface approach more nearly to the same 
state: that is, as the refractive index approaches to 1. This 
is experimentally true. 

37. If, however, the rays are passing from glass to air, 
we must represent the state of the particles by large bodies 
striking small ones. The small bodies receive a motion, 



• The motions would follow this law, if the particles acted on one another 
like those of air by condensation or rarefaction of the fluid between them : or 
in the manner which Fresnel supposes (to be alluded to hereafter) : or in any- 
way which makes the force equal at equal distances of the particles. We are 
not therefore making the forced supposition of particles impinging on. each 
other. 
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which causes the refracted wave : the large bodies will pre- 
serve a part of their motion in the same direction, and this 
will cause a reflected wave. Thus when light passes through 
glass there will be reflection at both surfaces. But there is 
this difference between ttfe two reflections : one is caused by 
a vibration in the same direction as that of the incident ray, 
and the other by a vibration in the direction opposite to that 
of the incident ray. We shall find this distinction important 
in explaining a fundamental experiment (65). 

The same thing may be thus shewn. If we suppose a 
mass of glass to be cracked and the separated parts to be 
again pressed close together, there will be no more reflection 
than from the interior of a mass of glass : that is, there will 
be none at all. Still as there are really two surfaces in con- 
tact, each of which separately reflects, we must suppose the 
reflections to be of such a kind that they destroy each other. 
Consequently if the vibration from one reflection be in one 
direction, that from the other reflection must be in the op- 
posite direction. 

38. We shall now state an obscurity in the undulatory 
theory of refraction which has not yet been entirely eluci- 
dated, but which does not appear to present any particular 
difficulty. The indei of refraction we have found to be the 
proportion of the velocities of the waves in vacuum and in 
the refracting medium. Now it is well known that, experi- 
mentally, the refractive index is different for rays of difierent 
colours, that is, for waves whose lengths are different It is 
evident then that waves whose lengths are different are trans- 
mitted with different velocities either in vacuum*, or in the 
refracting medium, or in both. The difference does not de- 
pend on the extent of vibration of each particle, for the refrac- 
tive index is the same for a bright light as for a feeble one, 
but merely on the length of the wave, or on the time of vibra- 



* If the Yolocities for different rays were difierent in vacuum, the aberra- 
tion of stars (which is inversely as the velocity) would be different for different 
colours, and every star would appear as a spectrum whose length would be 
parallel to the direction of the Earth's motion. We know of no reason to 
think that this is true. 

3—2 
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tion*. We are unable to explain this; and one analogy 
which has guided us in several instances fails here entirely. 
There is no such difference between the velocities of trans- 
mission of long and short waves of air. The sounds of the 
deepest and the highest bells of a pftal are heard at any dis- 
tance in the same order. Happily another analogy comes in 
to our aid, derived from undulations in which the vibrations 
have a much greater similarity than those of air to the vibra- 
tions which appear to constitute light.. The velocities of 
waves' of water vary with the length of the wave, the long 
waves always travelling with the greatest speed. In this 
respect there is a fair analogy between the relations of the 
velocity to the length of the wave, in glass or other refracting 
substances (as regards luminiferous waves), and in water (as 1 
regards waves of water). But the proportion of the velocity 
of a long wave of water to a short one is not invariable, but 
depends upon the depth of the water f. In this may be found 
an analogy, of a less satisfactory kind, to the change in the 
relation of the velocity to the length of the wave, on com- 

Earing one refractive medium with another. We may remark, 
owever, that if we calculate theoretically the velocity of a 

* The diflSculty might perhaps be explained thus. We have every reason 
to think that a part of the velocity of sound depends on the circumstance that 
the law of elasticity of the air is altered by the inatantanecms development of 
latent heat on compression, or the contrary effect on expansion. Now if this 
heat required time for its development, the quantity of heat developed would 
depend on the time during which the particles remained in nearly the same 
relative state, that is on the time of vibration. Consequently the law of elas- 
ticity would be different for different times of vibration, or for different lengths 
of waves : and therefore the velocity of transmission would be different for 
waves of different lengths. If we suppose some cause which is put in action 
by the vibration of the particles to affect in a similar manner the elasticity of 
the medium of light, and if we conceive the degree of development of fiiat 
cause to depend on time, we shall have a sufficient explanation of the unequal 
refrangibility of differently coloured rays. 

t Putting Is for the depth of the water, X for the length of a wave, the 
velocity of the waves is 

SirJfc 2iriir 
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+ e ^ 
See EncycUypcedia Metropolitana^ Tidet and Wofes, Art. 168. 
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wave of light, on the supposition that the distance T3etween 
the particles of ether is a sensible quantity in comparison with 
the length of a wave, we find that the velocity is different for 
waves of different lengths. (See the note to Art. 103.) The 
very close approximation to observed proportions of velocity 
which has already been attained by calculations of this kind 
seems to offer good reason for supposing that the explanation 
will be made complete* On the whole, we regard the slight 
imperfection of the theory as deserving attention, but not as 
offering the most trifling difficulty to the general adoption of 
the theory. 

Prop. 11. To explain the course of waves after reflection 
or refiraction. 

39. First we must give a construction for determining the 
front of a wave at any time from knowing its front at any pre- 
vious time. In fig. 11 let AB be a small part of the curved 
front of a wave : and draw Aa^ Bb, normals to the front, and 
let Aa = Bb. Then by (30), the motion^ of the part A of the 
wave is in the direction Aa^ and the motion of the'part B is in 
the direction Bb : and their velocities are equal. Conse- 
quently after a short time the front of the wave will pass 
through a, b, and through every other point as c, d, &c., 
determined by this condition that Cfe, Dd, &c. are perpen- 
dicular to the original front and are equal to Acl Now by 
(30) the motion of the part of the wave at a will be perpen- 
dicular to the new front abed. But as Bb = Aa, it is easily 
seen that ab is parallel to AB and is therefore perpendicular 
to Aa : and therefore the motion of the new front will be in 
the direction of Aa produced: that i^ in the same straight 
line as before. In the same manner it would appear that all 
its succeeding motion will be in the same straight line. And 
the velocity will be equal for all points of the wave. Thus 
we arrive at the following construction. Draw AP, BQ^ 
CR, DS, &c. normals to the original front, and make AP,BQ, 
CB, D8, &c. equal to the space through which a wave will 
travel in the time for which the form is required. The front 
of the wave at that time will be the locus of the points 
P, -Q, R, 8. The relation between the old and the new front 
is therefore this: every line which is normal to one is also 
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normal to the other. If we confine ourselves to space of two 
dimensions, this is comprehended in saying that they have 
the same evolute. This applies equally to the motion of a 
wave in vacuum or in glass, or in any other refracting me- 
dium, provided that the velocity of a wave's motion is equal 
in all directions* 

40. Suppose now (to fix upon a particular case) a plane 
wave is received on a reflecting paraboloid whose axis is 
parallel to the direction of the wave s motion, or perpendicular 
to its front. In fig. 12 let AD be one position of the wave, 
A'D' a succeeding position, and so on.. From (31) and (32) it 
appears that the front of each small part of the wave makes 
the same angle with the surface after reflection as before, but 
on the opposite side of the normal: and that consequently the 
line representing the direction of the wave's motion, and which 
is perpendicular to the front, makefi the same angle with the 
normal before and after reflection. As all the lines represent- 
ing the direction of motion of different points of the wave are 
parallel to the axis of the paraboloid, those which represent 
the direction of motion after reflection (by a well known 
theorem) converge to F the focus. Consequently the form of 
the wave, which by (39) is the surface to which all these lines 
are normals, is a spherical surface whose center is F. Thus 
then at one time A'D' will be the front of the wave : at a 
later time BC will be the form of that part which is not re- 
flected, and A*'B^ D" G, the form of those parts which are 
reflected, the part incident at A' having been reflected to A'^i 
at a still later time, he will be the form of the part not re- 
flected, and A" Eh, D'" C'c the form of the reflected parts, the 
part incident at A' having been reflected to A", and that 
incident at B having been reflected to B\ &c.: and when the 
whole has been reflected, all trace of the original form of the 
wave will be lost, and the existing form wiU be only a spheri- 
cal surface of which i^is the center. The concave spherical 
wave goes on towards F, conti-acting till it passes through 
that point, when all the different small parts cross, and 
then tney form a diverging spherical wave of which F is the 
center. 

It is easily seen that an explanation of exactly the same 
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kind applies to the effects of refiraction, the velocity of the 
wave being supposed to be altered in a given ratio as in (33) 
and (34), and tne direction of the motion of each part of the 
wave being always supposed- perpendicular to that part of the 
front. 

41. We have explained the motion of the wave after 
reflection or refraction as if the terminating edges of the front 
of the wave did not cause any disturbance beyond the line 
perpendicular to the front: as if for instance there were a 
certain disturbance all along the line A"B which afterwards 

* arrived at A"B without causing the least disturbance in the 
ether beyond A". This however is not true, and we shall 
hereafter take into account the effects of the lateral spread of 
the waves. 

42. Fr6m the nature of the demonstration It appears that 
whenever all the small parts of a wave meet each other aftet 
reflection or refraction, they have described paths correspond- 
ing to equal times. In the case of reflection, this is the same 
as saying that the whole paths (consisting of the sum of those 
before and after reflection) must be the same for every point : 
but in the case of refraction a different statement is necessary. 
For if the waves move in glass \or other refracting media) 

with a velocity which is — x that in vacuum, then the path in 

glass, as compared with that in air, is not to be estimated by 
its length, but by fi x.its length. And therefore when all 
the small parts of a wav^ meet each other after refraction, the 
sum of the path in vacuum and ft x the path in glass is the 
same for all. 

43. This principle may be advantageously applied in the 
solution of some proolems. Suppose for instance it is required 
to find the form of a refracting surfeiCe BP, fig. 13, which 
shall cause the wave diverging from A to converge to (7. 
The principle above mentioned gives us at once this equation, 

AP + /Lt . PG = constant : 

which is the same as Newton's in the 97th Proposition of the 
Principia. 



40 UNDULATOET THEOBY OF OPTICS. 

44. A foca8 therefore may be defined as the point ia 
which a spherical wave converges, or from which it diverges. 
It may also be defined as the point at which little waves from 
all parts of a great wave arrive at the same time. It will 
readily be seen that our demonstration and om* definition 
incluae equally real and imaginary foci, in the same manner 
as the theorems and definitions of common optics. 

45. It appears from (40) that the wave, after converging 
to a point, diverges from it in the same manner as if that 
point were a center of excitation, or a source of light. In all 
experiments therefore in which it is wished to produce a * 
series of waves diverging from a point, the image of the 
Sun's disk, produced by a lens of short focal length, may be 
used instead of a luminous body. 

Prop. 12. A series of waves diverges from a points, fig. 
14, and falls upon two plane mirrors 5C, CZ>, inclined at a very 
small angle a, and touching each other in the line whose pro- 
jection on the paper is C : to find the intensity of illumination 
on difierent parts of the screen ^F where the streams of light 
reflected from the two mirrors are mixed. 

46. Let G be the virtual image (determined by the niles 
of common optics) of -4, produced by reflection at BG\ H 
that produced by reflection at CD. Then instead of sup- 
posing the light to have come originally from A^ we may 
without error in our results suppose it to originate in two 
sources at Q and JZ For the course of any part of a wave 
after reflection from '5(7 is just the same as if it had come 
from G\ and the length of its part measured in a straight 
line from Q is the same as the sum of the paths of the in- 
cident and reflected ray, since the distance of A and of G 
from the point of reflection is the same (thus the part of the 
wave which is incident at N is reflected in the direction NM 
which is the same as (^^ produced, by (32) and (39), and the, 
length of its path AN-\-MN is the same as GM^ since 
AN= GN). But that the circumstances may be exactly re- 
presented, we must suppose the fictitious wave to start from G 
at the same time at which the real wave starts from -4, and 
to have the same intensity. Similarly we must suppose the 
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other wave to start from H at the same time and with the 
same intensity as that which starts from A ; and therefore at 
the same time and with the same intensity as that which 
starts from Q, The problem is therefore reduced to this: 
to find the intensity of illumination on the screen when waves 
start at the same instant and with the same intensity from O 
and H, 

47. Join GH, bisect it in L, and produce LO io meet 
the screen in 0: let JIf be any point at a small distance from 
O; AG = a: CO = b. Since the angle between the mirrors 
is a, it is easily seen that OCH= 2a. And since 

GC=AG = HC, 

GL is perpendicular to GH a,ni bisects the angle GGH, Con- 
sequently 

GL = LH=aBiD.a: and iO = acosot + J. 

Then for the disturbance produced at M by the wave coming 
from G {taking the same expression as in (8) and (24)} we 
have 



^dni^{vt^GM+A)^ 



GM 

The variation in the value of GM is so small that without 
sensible error we may in the coefficient put GO or LO in- 
stead of GM'y and thus the disturbance produced at M by the 
wave coming from G is 



^sm^-^{vt^GM-\-A)\. 



LO 

Similarly the disturbance produced by the wave coming from 
^is 

. f27r 



c 



LO 



sin 



{vt^HM+B) 



B however must be equal to A, because the waves on leaving 
G and ^respectively are in the same phase at the same time 
(which is represented by putting for GM and JS3f, and re- 
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quires B to be the same as j1). Hence the whole disturbance 
of the ether at M is 



c 
LO 



Fsin j^ {vt^OM^ A)\ +sin }^ {vt -S"if +.4)11 , 
COS j-((yilf--J33f)k8m|— (t?« + ^)f > 



and consequently, by (23), the intensity of the light at M is 
represented by 



4c» , 
cos 



48. Now 
GM*=LO'+ {0L+ OMY^ (a cos a + J)" + (a sin a + 0M)\ 

and consequently 

rtn/r . i: . 1 (asina+Oif)' , 

G^if=a cos a + J + * . ^ r-^ nearly. 

^ a cos a + 6 

Similarly 

rriir .1.1 (a sin a - 0-Jf)' , 

HM=^ a cos a + S 4- i . -^ . , nearly : 

'^ a cos a + 6 "^ 

therefore 

^i>r rrnj- 2a siu Gt . Oilf 2asina^,^ , 

(tIT- Saf = T- = 7— Oil nearly : 

a cos a + 6 a + 6 

and therefore the brightness at M is represented by 

^ cos' 1^— "^^^^ Oilf^ 

This varies according to the position of M, 

(1) Suppose M to coincide with 0: OJlf=0: and the 

brightness is -^ jr-^ . This is its greatest value. 

(2) Suppose OM^ + ^^ . ^ 



• J • 
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Then --- . j- OM— + - , 

\ a+b "2 



and the brightness 



4c' • TT ^ 



(a+6)» 2 
or there is absolute blackness. 

(3) Suppose 0M= + -^^ . ^ . 
^ ^^ ~ a sm a 4 

n^, 2*jr a sin a ^ ^ - 
Then -r- . ,- OM^ ± tt, 

and the brightness 

4c* 2 4c» 

cos TT = 7 jTa > 



(o-f i}* (a + i) 

the same as when Oif=0. 

(4) Suppose Jf = ± — ; — . -- : 
^ ^ ^^ a sin a 4 

then -— . — -r- Oif = + — , 
\ a-f6 2 



and the brightness 



4c" , S-TT 

cos 



'{a + bf 2 ' 

or there is darkness. 

(5) Generally, if 

0-3f = + 2n — ; — . T 5 w beinff a whole number, 
asm a 4 ' ^ ■. 

4c' 
the briffhtness has its maximum value 7 — --jTo : 
° (a + 6)" 

andif Oif= + (2n + l) >^i^.T> 

**■ ^ ' a sm a 4 

there is blackness. 



44 UNDULATORT THEORY OP OPTICS* 

Between these values of Oif, the brightness has Interme- 
diate values. 

Thus it appears that there will be a series of points at 
equal distances along the line IK^ at which the illumination 
is alternately maximum and minimum, beginning at where 
it is maximum; and that at the points of minimum illu- 
mination the light is actually evanescent* Now considering 
the screen as extended in the direction perpendicular to the 
paper, and observing that the investigation which applies to 
M applies to every point in the line perpendicular to the paper 
at My it is easily seen that the appearance on the screen is a 
series of bars alternately bright and black, 

49. We have supposed the plane of reflection to be per- 
pendicular to the edge where the two mirrors touch. If how- 
ever it had been inclined in any manner, the result would have 
been precisely the same. 

50. We have not yet considered the effect of a mixture 
of light of different colours in the same pencil (such as exists 
in white sun-light, and in most kinds of artificial light). Ac- 
cording to the suppositions made in (23) this is represented by 
supposing the light to consist of different series of waves 
which may or m^y not be intermixed, the value of \ being 
different for each different series : and by (19) these different 
series cannot affect one another, and therefore the effect of each 
in producing illumination of its peculiar colour is to be con- 
sidered separately, and the sum of the effects of aU the illu- 
minations to be taken afterwards. 

51. Now if we examine the expression for the illumina- 

tion, it will appear that at the intensity is =^ what- 

{cb -\r o) 

ever be the value of X Consequently, that point is illuminated 

by each of the differently coloured lights, with four times the 

quantity of illumination which there would have been if the 

light from one mirror only had fallen upon it. But there is 

no other point in similar circumstances. For if we put X', \", 

V", &c. for the lengths of waves of differently coloured lights, 

V being the smallest and corresponding to the blue light, and 
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c', c", c"', <S;c. for the coeflScient of displacement, and if we 

consider the point where OM = — ; — . -^r , we find 

asina 2 . 

for the intensity of the blue light, -. ^r,, 

for the intensity of the next kind of light, -. ^ cos^ ^ , 

for the intensity of the third kind of light, ^ cos' ^ ; 

and so on. If they had been in the same proportion as in the 
light reflected from a single mirror, the intensities would 
have been 

4c^ Ac"'' Ac"" 

{a-^rhy (a + by (a + J)-' '^^• 

The different colours therefore are not mixed in the same pro- 
portion as in the original light. The same may be shewn of 
any other point : and thus if the original light be white, no 
point of the screen will be illuminated with white light except 
the middle of the central bright bar. 

52. The same thing may be thus shewn. The breadth 
of the bright and dark bars for each colour is proportional to 
the value of \ for that colour (48). Consequently the bars are 
narrower for the blue rays than for the green : narrower for 
the green than for the yellow ; &c. by (23). The line passing 
through the paper at is however to be the center of a bright 
bar of each colour. In that line therefore there will be a per- 
fect mixture of all the colours: at a line on each side there 
will be nearly a total absence of all : but beyond this the red 
bars will sensibly overshoot the yellow and green and blue 
bars, and the more as we recede farther from the center. Con- 
sequently the bars will be coloured, the bright bars being red 
on the outside and blue on the inside. And after two or 
three bars, the outside of the red bars will mingle with the 
inside of the next blue bars, and there will be no such thing 
as a black bar. This will continue as we recede from u 
till the colours become mixed in such a way that it is 
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impossible to distinguish the bars, and the whole is a mass 
of tolerably uniform white light. This indistinctness of bars, 
and ultimately their disappearance, always take place when 
one of the mixed streams of light has described a path longer 
than that of the other by several lengths of waves. In gene- 
ral, when white light is used, no bars can be seen where the 
length of one path exceeds that of the other by ten or twelve 
times the mean value of X. 

53. The quantity '\, as we have mentioned in (23), is so 
small that it could not be made sensible to the eye. But 
sin a may be made as small as we please, and consequently 

— -. — \ may be made large enough to be easily visible to 
asm a -^ - . 

the eye. It is by this and similar means that the lengths 

of waves for differently coloured light have been measured. 

54 The agreement of the facts of experiment with these 
conclusions from the theory is most complete. And this may 
be considered as the fundamental experiment on which the 
undulatory theory is established. It- is perfectly certain in 
this experiment that the mixture of two streams of light, 
whether white or coloured, does produce black. The bars 
next the central white are remarkably black : and the dark 
bars beyond the next bright bars are also very black : and 
upon intercepting either stream of light all these dark bars 
become bright. It appears plain that no theory of emission 
of particles can explain this fact: and it seems diflScult to 
conceive that any theory except that of undulations can ex- 
plain it. 

55. We shall occasionally have to mention the system of 
bright and dark bars described in (52). We shall generally 
call them the Jringes of interference. 

56. The reader is particularly requested to observe that, 
when a + b ox the distance of G and H from the screen is 
given, the breadth of the bars for any given colour is in- 
versely as a sin a (48), or inversely as OH. And generally, 
the nearer together are the two sources of waves which inter- 
fere, the broader are the fringes of interference. 
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Prop. 13. A series of waves diverging from a point A, 
fig. 15, falls upon the prism BCD, each of whose sides BG, 
CD, makes the small angle a with the third side : to find the 
intensity of illumination on difiereut parts of the screen EF 
where the two streams are mixed. 

57. The investigation- is exactly similar to that of the last 
proposition, with this difference only. By common Optics, 

-4 (? = An=^ CA (/A — 1) sin a nearly, = (/^ — 1) a sin a nearly. 

In the former investigation we had OL = LH= a sin a. Con- 
sequently where we find a sin a in the former investigation we 
may put (/a — 1) a sin a, and we shall have the correct expres- 
sion for this case. Thus the intensity of illumination 

4c' - f27r (/Lt — 1) a sin a 

— cos' ' ^ ' 



(a + i)' 



^,f^ (^-l)asina ^^| 



and the interval at which the centers of the bright and black 
bars succeed each other is 



(ji — l)a sin a ' 4 * 



58. The results are exactly similar to those obtained in 
(50), (51), (52), (the absolute breadth of the bars being dif- 
ferent) with the following exception. The breadth of the bars 
for different colours does not (as before) depend simply on X, 

but on . Now fi varies with X : it is greatest for the 

blue rays or those for which X is least, and less for those for 
which X is greater, through all the different colours. Conse- 
quently the breadths of the bars formed by the different 
colours are not in the same proportion as before, but are more 
unequal. The mixture of colours therefore at the edges of 
those bars which are a little removed fi-om the central bar is 
not the same as before ; and after a smaller number from the 
center, the colours of the different bars are mixed with each 
other (52). 

Prop. 14. Suppose that in the experiment of Prop. 12 or 
13, Articles (46) to (57), a thin piece of glass PQ is placed in 
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. the path of one of the pencils of light : to find the alteration 
produced in the fringes of interference. 

59. Let T be the thickness of the glass : and consider 
the case of Prop. 12, Article (46). It is plain that, as in (42), 
the length of that portion of the path of one pencil which 
traverses the glass is not to be estimated by its linear measure, 
but by /x. X that measure; inasmuch as the motion of the wave 
is slower in glass than in air by that proportion. We must 
consider therefore that, instead of describing the space T in 
air, the wave describes a space equivalent to /LtT in air; and 
therefore the efiect of the glass is the same as that of length- 
ening the path by (ji — 1) T. Instead of HM in the expres- 
sion of (47) we must put 

and the intensity of light at M is now 

-cos^ \j^{OM^HM^{ji^l) T]\, 



4c 



LO 

which as in (48) is changed to 
4c« 



{a^by 



cos' 



\^\ Xa-ro 2 J ^ 



and the places of maximum brightness are now determined by 
making 

asina^,. At— 1«^ \ .^p 

r- Oilf-^-— - 7 = 0, or= + -, or= + \, &c.: 

a+6 2 ' -2' " ' 

or by making 

0Jf=^LiL(^«l)2; or =/i^{(At-l)r±X}, 

or =-^iA.{(^.i) r+2X}, &c. 

60. Now if /Lt — 1 were the same for rays of all colours, 
it is evident that these expressions would be precisely the 
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same as those found for the bright points in (48), increased 
bj a constant 

2asina^ ' 

That is, the whole system of fringes would be shifted towards 
K, without any other alteration. As /Lt — 1 is not constant, 
this is not strictly true : the fringes are shifted, but there is 
also an alteration of colour arising from the difference of 
spaces (not even proportional to the breadth of the bars) 
through which the differently coloured bars are shifted. 

61. It will readily be imagined that if a piece of com- 
mon glass were interposed, the lengths 

G^if and HM-\-(ji-l)T 

would, on account of the exceeding smallness of \, differ in 
every point between I and K by many multiples of \, and 
therefore (52) no fringes would be visible. The experiment 
may however be successfully performed by taking two pieces 
of glass from the same plate, whose difference of thiclcness 
will be very small, and placing one in the path of one pencil, 
and the other in the path of the other. But it may be better 
performed by taking a pretty uniform piece of glass, cutting 
it across the middle, and holding one half perpendicular to 
the path of one pencil, and the other half inclined to the path 
of the other. It is evident that the obliquity of passage pro- 
duces the same effect as the use of a thicker piece of glass : 
and by gentle inclination the difference of paths may be made 
as small as we please. 

62. The difference of paths is to be calculated thus. In 
fig. 16 let WXYZhe the path of a portion of the wave per- 
pendicular to one half, and BSTVuie path of another por- 
tion (which for simplicity we suppose moving in a parallel 
direction) through the other half whose angle of inclination 
is ^. Let T' be the thickness. From T draw Ts perpen- 
dicular to BS produced. Since the front of the wave in air, 
when the portion in question is incident at 8, is perpendicular 
to BS at the point ^S; and since, when the portion has 
reached T, the front of the wave in air is perpendicular to 

4 
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TFat the point T; it is plain that the wave has advanced 
in the direction perpendicular to its front only through the 
space Ss. But the time which has been occupied in this 
progress is the time of describing 8T in glass or fi . 8T in 
air. Consequently the retardation (measured by the space 
which the wave would have advanced further, if it had moved 
in air) is 

And the retardation of the portion incident at X is 

(/i-l)Xror (^-l)r. 

Therefore the upper pencil is more retarded than the lower 
by 

The angle of incidence is /8 : and if 7 be the angle of refrac- 
tion, 

COS 7 cos 7 

Also u = ^— ^; 

sm7 
therefore the retardation 

= y/ [ sin ^ cos (/3 - 7) sin jS ^ ^] 
(sin 7 cos 7 cos 7 sin 7 | 

= 2r(sin*|-/i*.sin»|). 

If ^ be small, 

sm ^ = - sm ^ very nearly, 

and the retardation 



= 2r(l--)sin»| nearly. 



This is to be substituted for (fi — l) T in the expressions of 
(59) aud (60) ; and the resulting quantity 
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— ; — T [1 Bin* ^ 

a sin a \ fiJ 2 



measures the shift of the central "bar towards the side on 
which is the inclined glass, 

63. These conclusions are fiilly supported by experi- 
ment: and this is important as establishing one* of the funda- 
mental points of the undulatory theory of Optics, namely that 
light moves more slowly in glass than in air. The whole 
of the investigation of the last proposition depends on this 
assumption. 

Prop. 15. A series of waves is incident upon two plates 
of glass separated by a veiy small interval (fig. 17) ; part of 
the light is reflected at the lower surface of the first glass and 
part at the upper surface of the second glass : and these por- 
tions interfere : to find the intensity of the mixture. 

64. Let AB be the path of one portion which is refracted 
in the direction BC, and of which one part is reflected in the 
direction CD, while another part is refracted at C and falls 
on the second plate at H, is partially reflected to F, and par- 
tially refracted in the direction FO parallel to CD. Draw FI) 
perpendicular to CD. Then the path which one wave has 
described in going from C to J3, measured by the equivalent 
path in vacuum, is fi . OD : while that which the other has 
described in going from GtoF (where its front has the same 
position as the front of that which has reached 2>) is 

CF+EF. 

The excess of the latter above the former is 

. OF+FF-fi.GD. 

Let B be the distance of the plates, 7 the angle of incidence 
at Gy fi the angle of refraction. Then 

GE+EF^ 



cos/8* 
and CZ)«i^C7.sin7 = 2i).tan^.sin7; 



4—2 
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also it= • ; 
^ 81117 ' 

therefore the excess 

2D 2Dsin*y3 



cosiS cos/3 



= 22) cos iS. 



If then the extent of vibration in the light reflected from G 
be 



-4 sin -j— (t?« — a?)L 



where the distance x is measured by the equivalent path in 
air ; then the extent of vibration in the wave reflected from E 
will be represented by 



(27r 
J?sin -j— (r« — a; — 22) cos /8) • ; 



and the whole intensity will be the intensity of the light in 
which the displacement of a particle is represented by the 
sum of these quantities. It must be recollected that by the 
reasoning in (37) we are entitled to suppose that the signs of 
A and B are different. 

65. We have here however omitted the consideration of 
that part of the light which is reflected from F to JET, again 
partially reflected at H. and partially refracted at K\ and the 
other parts successively reflected. It is plain that (putting V 
for 2D COB ^) the part refracted at Z" will be retarded 2V: 
that at the next point 3F: and so on. Now suppose that 
when light goes from glass to air, the incident vibration 
being 

\vt — x) 



asm-{ 
the reflected vibration is 



X 



J. a sin "j— [vt — a?)r, 



and the refracted vibration 



.asm j— {yt — a?)K 



I ■ W ^ ■ ^P Id — I MII^B "'^— iWIBWtPiy^^— ■^BWB W^^' " ■ V m 



= a 
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and suppose that when light goes from air to glass, the co- 
efficient is multiplied by e for the reflected vibration, and by 
f for the refracted vibration. Then if the coeflScient for the 
light passing in the direction BO is a, that for the vibration 
reflected, at G will be ab : that for the vibration refracted at 
jP, acef: that for the vibration refracted at K, ace^f: and so 
on. Thus the whole vibration is 

oSsin-j— (vt — x) [ + acef\ sin]— (v^ — a?— Vn 
+ e»sin|^(v«-a;-2F)| + e^'siii |^ (t?« - a; - 3 F)| + &c.l 

f27r ) ®^^ I "f (^^"^" ^) f ""^'^^^ I X ^^^"^^ 
J sin ] — {vt^x) \ + cef ^ — ^ \ ^ 

^ ^^ ; 1^26»cos(^F)+e* 

We shall anticipate so much of succeeding investigations (see 
Art. 128 and 129) as to state that, whether the vibrations are 
in or perpendicular to the plane of incidence*, there is reason 
to think that 

T = — 1, and cf= 1 — e'. 

Using these equations to simplify the expression ; resolving 
it into the form 

jPsin l"^ {vt''xn+ G cos ]^(^^-^)[ 

as in (17) ; and, as in (17) and (23), taking F^+ CP to repre- 
sent the intensity, we find for the brightness of the reflected 
light 

4aV sin* (^ f) 4aV sin* (^ D cos $) 



l-26*cosf^F) + 6*' (l-6T+4e*sin»(^2)cos^y 

* When tliere aj*e Yibrations of both these kinds, it is necessary to calculate 
the illumination from each, and to take their sum. 
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66. The supposition that we have made is that of a thin 
plate of air or vacuum inclosed between plates of glass, or 
mica, &c. But it is plain that the investigations apply in 
every respect to a thin plate of fluid with air on Doth 
sides : as for instance a soap-bubble. To examine particu- * 
lar cases, 

(1) If jD = 0, the intensity = whatever be the value of 
\, Thus it is found that where plates of glass &c., 
are absolutely in contact or very nearlv so, there is 
no reflection : and when a soap-bubble has arrived 
at its thinnest state, just before bursting, the upper 
part appears perfectly black. 

(2) Th§ intensity is also if 

2)cos^ = -, X, Y> &c. 

But when light of different colours is mixed, it will 
be impossible to make the light of all the different 
colours vanish with the same value of D, and thus 
no value of D will produce perfect blackness. 

(3) If i> cos /8 =- , and if we take the value of \ corre- 
sponding to the mean rays (as the green-yellow), the 
intensity of light in the different colours will be 
nearly in the same proportion as in the incident light, 
or the reflected light will be nearly white. But this 
will not ta^e place on increasing the value of D, or 
the reflected light will be coloured ; till D is become 
so large that for a great number of different kinds of 
light, corresponding to veiy small differences of X, 

— - — ^ has the values of successive odd numbers ; 

the different kinds of light will then be mixed in 
nearly equal proportions, and the mixture will be 
white. 

Prop. 16. In the circumstances of the last proposition, 
to find the intensity of the light re&acted into the second 
plate. 
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67. It is readily seen that the coefficient of the vibration 
refracted at J? is a.cf\ that of the vibration refracted at H is 
a . c^f\ and so on. Also the wave entering at H is behind 
that which entered at E by the same quantity V as before. ^ 
Hence the sum of the vibrations will be 

a.cf sin I ^(i?*- a?) S + e* sin j-^(v«- a;- Y) • + &c. 




(i?«-aj)h-6*sin|-^(t;«~a;+ F) 



1 — 26' cos 



Cx")^^' 



Treating this in the same manner as in (65), the intensity 
of light is found to be 

o»(l -e»)' 

(l_e')» + V8in*^ 

68. The proportional variations of this expression are 

much smaller than those of the expression of (65) ; its greatest 

a*(l-e')" 
value being a', and its least —77 nr— . The absolute varia- 

(1 + 
tions are however exactly the same : and in fact the sum of 

the two expressions is always = a'. This is expressed by 
saying that one of the intensities is complementary to th6 
otner. This relation spares us the necessity of examining 
every particular case of the value of D. K for any particular 
value of D the expression of (65) is maximum wr any par- 
ticular colour, that of (67) is minimum for the same colour : 
and so on. Thus if for some value of D the expression of (65) 
gave maximum intensity of red light, less of yellow, the mean 
intensity of green, less of blue, and nothing of violet (the 
mixture of which would produce a rich yeUow) : then the 
expression of (67) would give the minimum intensity of red 
lignt, more of yellow, the mean intensity of green, more of 
blue, and the maximum of violet (the mixture of which would 
produce a greenish blue diluted with much white). It is to 
be remarked that in the case of transmitted light the colours 
can never be so vivid as in reflected light, because none of the 



56 UNDUIATORT THEOET OF OPTICS. 

colours ever wholly disappears, as no values of D and \ will 
make the expression of (67) = 0. 

Prop. 17. Two glass prisms, right-angled or nearly so, 
(fig. 18) are placed with their hypotenusal sides nearly in 
contact : light is incident in such a manner that the angle of 
internal incidence at the hypotenusal side is nearly equal to 
the angle of total reflection: part of the light is reflected 
through the first prism, and part is refracted through the 
second : to find the expressions for the intensities. 

69. The investigations and results are exactly the same 
as those of Prop. 15 and 16 : but this case deserves a par- 
ticular consideration for the following reason. In this case 
there is no difficulty (which there is in the others) in making 
the angle of incidence approach as near as we please to the 
angle of total reflection, and consequently no difficulty in 
making $ (which is the angle of refraction from the first prism 
into air) as nearly = 90® as we please, or cos ^ as small as we 
please. ' Consequently D cos ^ may be made extremely small 
without making D very small. ITow if D cos ^ in Prop. 15 

and 16 were moderately small (as for instance -ttt^ inch) , 

might find about twenty different colours of light dividing the 
colours from red tq violet by tolerably equal shades, each of 
which, in consequence of the difference of their values of \, 
would make 



we 



8in«(^2)cosi8) = l: 



and between these colours, the expression would have all its 
changes of value. The mixture of light would therefore be 
produced by taking parcels from all the various shades of 
colour, and mixing them in the same proportion as in com- 
mon light ; and therefore would be nearly white. But when 
D cos /3 in this proposition is extremely small (for instance 
less than any value of X, or not many times greater), not 
one colour perhaps, or not more than one or two, can be found, 
for which 



sin*(^2)cos)8) = l: 



r 
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B-nd thus there will be an excess of some colours, and the light 
will be strongly coloured. 

70. There is also another reason. B7 a small change of 
the angle of incidence we produce a small change in 7.; and 

dp tan $ 
ay tan 7 

this produces a great change in 13 (y8 being nearly = 90*), 
Consequently the change in 2> cos ^ is considerable : and 
the expression for the intensity of li^ht will be varied much. 
If then the light of the clouds fall m different directions on 
this combination of prisms, or if the sun-Ught be made (by a 
tens) to fall on it in different directions; the light both re- 
flected and transmitted will form on a screen bands of light. 
As the position and breadth of these bands are different for 
every different colour, the mixture forms a very splendid series 
of coloured bands, in which the succession of colours differs 
from that produced by almost every other phenomenon of in- 
terferences. The same effect may be seen as well if the com- 
bination of prisms be held to the eye : when the light coming 
in different directions to the eye will exhibit the bands in 
great perfection. 

Prop. 18. Two convex lenses of small curvature, or a 
convex lens and plain glass (fig. 19), are placed in contact: to 
find the intensity of the light reflected and transmitted at any 
point M, 

71. The two surfaces at M will be so nearly parallel that 
we may without sensible error consider them as parallel* : 
and therefore the investigations of Prop. 15 and 16 apply. 
It is only necessary to find an expression for D in terms of 
OM, being the point where the lenses are in contact. Let 

* As we shall suppose in the investigation that the separation of the two 
surfaces at M is but a small multiple of X, it is evident that for the points 
immediately about M the defect from parallelism will produce an error amount- 
ing only to a very smaU fraction of X : and therefore the smaU waves in (32) 
will have their effects added together in the direction in which light is reflected 
from one of the surfaces, nearly in the same degree as in the direction in which 
it is reflected from the other surface. 
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r be the radius of the lower surface of the upper lens : r* that 
of the upper surface of the lower lens. Then D or the 
separation at M is the sum of the versed sines of two circles 
whose radii are r and r', to the arcs whose chord is 0M\ 
and therefore 

m 

The intensity of reflected light (65) will therefore be 

4aVsin»(jF) 

(l-eT + 4e»8in»gF)' 

and that of the transmitted light (67) will be 

«' (1 - e*)' ' 
(1 _ e')» + 4e« sin' i^v\ 

where V = 0M\ cos/3 . (^ + ^) . 

(1) The reflected light vanishes when 

F=0, or =X, or =2X, &c., 
or when 

OJf' = 0, or=i2£2^, or=2^, or = ^^, &c. 

""T~? 1 T I T 

r r r r r r 

Consequently for any particular colour there will be 
a dark spot at and a series of dark rings of which 
is the center, and the squares of whose diameters 
are in the proportion of 1, 2, 3, &c. 

(2) The most brilliant light is reflected when - 

r\nr% X sec i8 . 3Xsec)8 5\sec/9 „ 

\r Tj \r t) * \r rv 
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Consequently between the dark rings there are bright 
rings, the squares of the diameters of whose most 
brilliant parts are in the proportion of 

1 3 5 „ 
2' 2' 2' ^''• 

(3) The diameters of these rings are cceterts paribus as 
V(sec)8). Consequently on inclining the incident 
ray, or on depressing the position of the eye by 
which they are viewed, the diameters of the rings 
increase. 

(4) For differently coloured rays, the diameters of the 
rings vary as \/(\). The different colours which are 
mixed in white light produce therefore a series of 
rings whose diameters are different, and which over- 
lapping each other produce a series of colours analo* 
gous to those mentioned in (52). The colours at 
last become mixed to such a degree that no traces of 
rings are visible. 

(5) The diameters of the rings vary, ccetens paribus, as 

1 



\/Cr+7)' 



To make the rings large, therefore, - H — ? must be 

small, or r and r must be large. If the lower glass 

be plane, or -> = 0, the diameters of the rings vary as 

V(r). 

(6) The transmitted light, just as in (68), produces rings 
complementary to those produced by the reflected 
light. The center therefore is bright, and is sur- 
rounded by a dark ring, which is followed by bright 
and dark rings alternately, which soon become co- 
loured and finally cease to be visible. The diameter 
- of each ring is the same as that of the ring of oppo- 
site character produced by reflected light. 
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72. These are commonly called NewtorCs rings, from the 
circumstance that the measures which suggested the most im- 
portant part of Sir Isaac Newton's theory of light, and which 
have served in a great degree for the foundation of all theories, 
were made by him on those rings. The colours of the succes- 
sive rings, arising from the different mixtures of all the colours 
producing white light, are commonly called Newton's scale of 
colours. In describing them it is usual to describe them by 
the number of the ring (including the central spot in the 
reckoning) in which they occur. For instance, the blue of 
the second order is not the blue which surrounds the central 
black spot, but the blue which surrounds the first black ring. 
This scale is valuable, as giving us an invariable series of 
colours which can at any time be produced without difficulty. 
The colours described m (52) as resulting from the experi- 
ment of Prop. 12 (46) would do as well, but the adjustment 
of the apparatus for that experiment is much more trouble- 
some. 

Prop. 19. Light diverging from a center A (fig. 20), is 
allowed to pass through a small aperture J5 (7: to find the illu- 
mination on different points of the screen DE, 

73. Suppose the wave diverging from A to proceed in a 
spherical form till it reaches CB: there suppose every part of 
it (within the limits of the aperture) to be the origin of a 
little wave proportional in intensity to the superficial extent 
of that part, fey the principle of (21), the sum of the dis-r 
turbances which each of these produces at -Sf is to be taken 
for the whole disturbance there : and this being found, the 
intensity of light will be found as in the preceding problems. 
Draw A perpendicular tq the screen, and consider it as the 
axis of z, A being the origin: let x be in the plane of the 
paper perpendicular to A 0, and y perpendicular to the paper. 
Let AB = ay AO = a + b: (then b is very nearly the distance 
of the screen from the aperture :) let a?, y, and z be co-ordinates 
of any point P of the wave, and p and q co-ordinates of any 
point M of the screen in the directions of x and y (that in the 
direction of z being a + h). Suppose the front of the wave 
divided by lines perpendicular to the paper into narrow par- 
allelograms, X and x + Bx being the co-ordinates of two of 
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these lines : and suppose the parallelogram whose breadth is 
Bx to be divided into small parallelograms by lines parallel to 
the paper, the co-ordinates of two lines being y and y + 8y, or 
the surface of the small parallelogram formed hj the intersec-- 
tion of these with the others being &c. Sy. Then the displace- 
ment which the little wave originating at this surface would 
cause at M will be represented by 

Saj.Sy.sIn-^— {vt — PM) 

Now PM^=:{p-xy+{s['-yy+{a-\-h-zy, 

which, since Q[?-{-iy + z* = a\ 

is =(a+J)' + a*+/ + 2'-2p»-2jy-2(a + i);5. 

But z = V(a'- aj'--y) = « - ^ - 1^ nearly, 

as X and y are supposed to be small even at their greatest 
values; therefore 

- 2 (a + J) 2? = - 2a' - 2a J + x^ + y* : 

^ ' a a " 

and Pir = y+/ + 2' + ^aj"-2pa; + ^±^^--2jy, 
whence 

P^ z. P' + g* |« + ^fa. "P V 



+ 



(a + 5) 
2ai 



[y-^b)' 



Pttt .g for a + /, "*" \x ; 

2 (a + o) 



^V>B«« 



62 UNDULATORY THEORY OP OPTICS. 

then the displacement caused by the little wave is 

Call this &c . Sy . TT: and let v be the sum of all the dis- 
turbances for the slice between the lines whose ordinates are 
X and x + Sx: w that for the whole surface. Since v increases 
by Sx . W, By upon increasing y by 8y, 

- - = ultimate value o{ -k- = Sx .W, 
dy ly ' 

whence v = Sa;/yTF; 

This integration is to be performed, and the limits of the values 
of y for the integral will be expressed in terms of x from a 
knowledge of the shape of the aperture. The effect of the 
narrow parallelogram being v or Saj/^ TF, it is found in the same 
manner that the effect of the whole aperture is /p/y W. As 

sin — {vt — B) and cos — (v< — B) are not concerned in the 

integration, the whole displacement may be expressed thus: 

-c<>.^(ri-B)tt.m[j.2i^|(a.-j^)'+ (y-^5 

Let the integrals be E and F\ then the whole displace- 
ment 

= ^sin ^ {vt - J5) - i^coB^ (i;« - B\ 

and hencfi {as in (14), (17), and (23)} the illumination is re- 
presented by ^ + V^. 
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74. Now 

^ = U [cOs|.?+^(;. _^)]x COS |j.^(y_^J. 

. (tt a + b / <iP y) . (tt a + h / «^ ^'l " 

\\ a& V a + bj ) \\ ab V a + ^/JJ' 

proceeding therefore according to the precepts of (73), the first 
thing to be done is to find 

- (tt a + b / (^q Yi J r • K «+^ / «7 V 

These integrals cannot generally be found in terms of y. 
Tables however have been formed* expressing the numerical 
value of the integrals, 

/.cos— and/,sm — 

for different values of s, and there is no difficulty in applying 
them to the numerical expression of the ^rst integral in our 
problem. But as the integral thus found is given in num- 
bers, and not in an expression involving y and which can be 

* Suppose ZT* to be the function of unknown form which is the integral of 
S a given function of 8. Then the values of U corresponding to s-h and 8 + h 
are 

and [7+^ A+^. 2 + ^.273+*^- 
and therefore the value of the integral from s-hio 8+K]a 

dtr 2.3 

which can be easily calculated : and by taking h small enough, one or two 
terms will be sufficient. In this way the values of the integral can be com- 
puted for successive limits, and the sum will be the integral up to any given 

value of 8. A table of f$ cos -^ and /, sin -^ will be given at the end of 

this Tract. 
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expressed in tenns of a?, it is seldom possible to perform the 
second integration. 

75. In certain cases however this may be effected. For 
example, suppose the aperture to be a parallelogram whose 
sides are 2e and 2f in the direction of x and y, the line A 
passing through its center. Let 



a-hh 



IT 



.-. /yCOS-^- . 



a + & 



\f a + b) 2' 

/ XaJ A^y — I ^^ 



ah y a + b] 1 V 2(a + J) 

and this is to be taken from y = —/to y = +f, 
or 






^"■•=Vi^}(/n 



-V{^^}(/-^)- 



This will be the sum of the two numbers, in the table of 



ITS 



/« cos -^ , corresponding to 






Let these be A^^ A^: and after proceeding in a similar way for 



ITS 



the sine, let the numbers in the table of /, sin ^^ correspond- 



mg to 



8 



VI 



2 (ffi + 5) 1 



(/-5^) 
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aud a = ^i- 
TheaE= 






In the same manner F=s 

Integrating with respect to x in exactly the same manner 
between aj = — e and a; = + e, and putting A^^ -4^, for the 

numbers in the table of /,cos — corresponding to 



8 






and ^3, B^ for those in the table of /, sin -^ corresponding to 

4 



the same. 



The intensity or ^* + ^ 

5 . 
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This expression (omitting the first factor) is the product of 
two factors, of which one depends entirely on q and the other 
depends entirely on p. If a certain value of p makes its 
factor small, every part of the screen for which p has that 
value will have a small intensity of light. A similar remark 
applies to the values of q which make the other factor small. 
Thus the screen will be crossed by bars of light of different 
intensity at right angles to each other. 

*75. A nearly similar investigation applies to the in- 
vestigation of the intensity in the shadow of an opaque paral- 
lelogram with free passage for the light on all sides. It will 
be found that it is crossed by bars of light, the central bars 
being white. 

76. Our limits will not allow us to examine in detail 
these cases. . The discussion of the values for particular values 
of p and a depends entii-ely upon examination of the nume- 
rical results : and this must be done for a great number of 
values of p and q before any conjecture can be formed as to 
fringes, &c. about the edges. One of the simplest cases is, to 
find the intensity of light produced by the shadow of a plate 
bounded by a straight line. If y is parallel to the edge, and 
X for the edge = 0, then the limits of the first integration are 

from y = — GO to y = + oo, 

and those of the second 

firom a; = to a? = oo . . 

This case has been fully considered by M. Fresnel, and he 
has arrived at this conclusion. If a plane be drawn through 
the bright point and the edge of. the plate, and if the inter- 
section of this with the screen be called the geometrical 
shadow: then on the dark side of the geometrical shadow 
the intensity of the light diminishes rapidly without in- 
creasing at all, and soon becomes insensible : but on the 
bright side the light increases and diminishes by several 
alternations before it acquires sensibly its full brightness, 
forming a succession of several bands on the bright side of 
the geometrical shadow. And as, for the same point, the 
limits for which the tabular numbers are taken are different 
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for different values of \, and as the factor of the whole varies 
with X, the intensity of the differently coloured lights will be 
differently proportioned at different points, and thus the bands 
will be coloured, nearly as in (52). This phsenomenon, known 
by the name of OrimaMi^s coloured fringes, had long been 
observed, and an imperfect explanation was given by Newton, 
In Fresnel's Mimoire sur la Diffr actum it was shewn, from 
accurate measures with various values of a and J, to be a con- 
sequence of the theory of undulations {Mimoires de V Institute 
1821). 

77. Another instance is, if the form of the plate be a 
square corner, then besides the bands on the outside of the 
geometrical shadow there are seen within it hyperbolical 
curves as in fig. 21. The accurate investigation* may be 
performed as above : but a general explanation may be given 
thus. Let P and Q be points similarly situated on the two 
sides: the small waves diverging from their neighbourhood 
would, as in (48), produce bands by their interferences; and 
the breadth of these, by (56), would be inversely as the dis- 
tance of P and Q. Consequently the nearer P and Q are 
taken to the solid angle, the broader will the bands be, and 
their form will therefore resemble the hyperbola. In this we 
have omitted the effects of interference of other portions of the 
light nearer to and further from the angle, but as the omitted 
parts would at different points produce effects nearly similar, 
it is probable that the general form of the curves will be 
similar to hyperbolas. 

78. Another instance is, if the light fall on a very narrow 
slit, coloured bands of much greater breadth are thrown on 
the screen. The second case of (25) suflSciently explains their 
origin. If the slit be triangular, it is observed, (as was first 
remarked by Newton), that the bands are rectangular hyper- 
bolas, the asymptotes being parallel and perpendicular to the 
axis of the triangle. This appears from the same investiga- 

• 

* In this and the preceding 3ade, it is necessary to consider the effect pro- 
duced by smaU waves divergiog from distances sensibly different. In the 
investigation we suppose that the absolute effect of each of these is tl:e same 
as the effect of a wave diverging from a surface of €k][ual extent at a smaller 
distance. This is manifestly incorrect : but the inaccuracy produces no sen- 
sible error in the result, for the reason mentioned in (2d). 

5-2 
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tion, as the intervals between the bands are inversely as b the 
breadth of the aperture, or inversely as the distance from the 
geometrical shadow of the triangle's vertex. 

79. In the following instance we may find the intensity 
at one point without much trouble. Suppose the aperture in 
(73) to be a round hole : to find the intensity at that point of 
the screen which is the projection of its center. Divide the 
circle into rings, the inner and outer radii of one being r and 
r + Ztj or its surface being 27rror. The distance of every 
point of this ring jBrom the point of the screen is 

and hence the whole displacement at the central point of the 
screen is 

/.--1t(«'-»-=^-)}. 

or — — rCOS 



?(•'-'- 



If c be the radius of the hole, this is to be taken from r = 
to r=^Ci and its value is 

2XaJ . f27r / ^ « + * Al • /^tt a + h ^ 
The intensity of illumination is consequently 






On referring to (71) it will be seen tliat this expression is 
nearly similar to the expression for the intensity of the re- 
flected light in Newton's rings, considering the denominator 
in (71) as constant^ and making 

and consequently the colours are nearly the same for the 
same values of V. To obtain the colours corresponding to 



'^ m I I ■■ ■■ .w ^M^i " 1WI ^^^p«p«r^^iv^v .iw w P^v^iwiimK 



COLOURED PElNaES, CIRCULAR HOLE, CIRCULAR DISK. 69 

those of the inner rings, we must have Fas small as possible, 

or - + T must be as small as possible, and therefore b must be 

as great as possible. On diminishing 5, F increases. Con- 
sequently if we first place the screen at a very great distance 
and then bring it nearer to the aperture, the series of colours 
at the center will be the same as those found on tracing 

Newton's rings outwards : but as we cannot make - + ^ = 0, 

a 0' 

we cannot have all the orders beginning from the central 

black. This agrees with observation. For any other point 

of the screen, the intensity can be found only by the general 

method of (73). 

*79. Instead of supposing a circular hole in a plate of 
unlimited extent, suppose the plate to be a small circular 
disk, with free passage for the light on all sides. The whole 
displacement will be expressed by the same formula 

but the limits of r will now be from c to oo . 
Let — ^— ^ — r^=5: the expression becomes 



Tiob 






2^(«,_5)_.l; 



and the limits of s are — \^ , c' and oo . If we perform the 

integration in this state, we come upon the unintelligible 
symbol cos oo . To avoid this, and at tne same time to repre- 
sent an intiensity of little waves slowly decreasing as the in- 
clination increases, use the expression 

where / may be so small that its effect through a consider- 
able angle is almost insensible. The general integral is 
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which vanishes for 5 = x , however small f may be. Omit- 
ting the trifling effect of /in the first value of 5, the limited 
inteorral becomes 



cos 



a + i 



{x("-'-°^4' 



and the intensity of light is tt^ , in which .the symbol c 

does not appear. The intensity of light, therefore, at the 
center, is the same as if c = ; that is, the same as if there 
were no disk in the way. 

For the intensity of light at any excentric point, the reader 
is referred to the Philosophical Magazine, 1841, January. 

Prop. 20." Every thing remaining as in the last pro- 
blem, except that, close to the hole, a lens is placed of such 
focal length that light diverging from A will be made to con- 
verge to (9 : to find the intensity of light on the screen. - 

80. From (44) it appears that the form of the front of the 
wave after refraction by the lens will be a sphere of which 
is the center. Let 0, fig. 22, be the origin of co-ordinates : 
p and q the co-ordinates of a point M on the screen : a;, y, z, 
those of P, z being parallel to OA, Then 

FM'={p-xy + (q-t/y + z\ 

But by the equation to the surface of a sphere, 

a^ + f + z^:=b^: 

PJiP = h' +/ + 2" - 2pa! - 2jy, 

and Pi!f=J + ^-^-M nearlj. 

The terms depending on a? and 7^ will be insensible, as 
they will be multiplied by the very small quantities o* and g^. 

Put -B for J + ^—^~ ' then, as in the first and last parts of 

(73), the whole displacement at M is 



/JySinJY |^v^-J5 + 



px qy^ 
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This expression is much simpler than that of (73), as there 
are no terms involving a:* and y*. The first integration can 
always be performed ; it gives 

and if y' andy" are the least and greatest values of y for a 
given value of x (given by the equation to the aperture in 
terms of a?), the first integral is, between these limits, 

27rq 

=cos|-(.^-5;j— l^cosj^ 

-sin [^(^^-5)}^^ [sin ||j(;,x^2y)|-.sinP£ (p^+?/)}_ 

Let the integrals of the terms within the brackets (with re- 
spect to X and between the proper limits) be P and Q : then 
the coefficients of 

cos ■ — {vt — B)\ and sin \— {vt-- B)\^ 
are respectively ^^^^ P and — ^^^^^ §, 



(2?x+jy)J-cos|^ {px^-qy") ■ 



^Trq 



27rq 



JV 



and the intensity of the light is ^ , (P' + ^. 

81. Ex. Let the aperture be a parallelogram whose sides 
are 2e and 2f in the direction of x and y. Here 

^ (?•» + jyO} - cos |?J {px + qf)\ 



cos 



= C03> 



= 2Bm(^ pa,). sings/'), 
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the integral of which is 

which from a? = — e to aj= + e givesP = 0. Also 

= sin 1^ (i>« -?/)}- sin |?| (^a? + j/)j. 

= - 2 cos -rf-. sm —^ , 

the integral of which is 

JX . 2irqf . 27r2xc 
Trp 6\ 6\ • 

which from a; = — etoa? = + 6 gives 

^ 2JX . ^Trqf . 2777?e 

C = sm -7~- . sm -7^ . 

irp oK ok 

Hence the intensity is 

J*X* . i^'Trgf . ^27rpe 
sm' ,5 . sm* ^ 



This expression is maximum when ^ = 0, y = : so that there 
is a bright point in the place of the image aetermined by com- 
mon Optics. It is when p is any multiple of ~ , or when 

q is any multiple of -7 . This shews that the screen is tra- 
versed by rectan^lar dark bars at equal intervals, the inter- 
vals in the direction of the length of the parallelogram being 
shorter than the others. For a given value of p, the bright- 
ness is greatest when j = 0, or wh^n j has one of the values 
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which makes •- — ^ sin ^' - maximum* Thus it appears 

that there will be a brilliant point at the center ; a four-rayed 
cross through the center, the rays being interrupted at in- 
tervals ; and a series of less bright patches in square arrange- 
ment in the angles of the cross : also the distances from the 
center are greater for the red rays than for the blue. When 
the parallelogram is narrow, the bright parts in the direc- 
tion of one side form one of the kinds of spectra described 
by Fraunhofer. 

82. Let the aperture be an equilateral triangle. Take x 
in the direction of the perpendicular to one side, and let the 
angle opposite this side be the origin of co-ordinates : let e be 
the whole length of the perpendicular. Then 

y = -a;tan30®: y"= + a;tan30^ 
Hence 

P = /. [cos 1^ (jf> -g tan 30^) J - cos fc (p+y tan zM 

= 2^(p-gtan30') ^"^ {w ^P-^^^^] 

— 7. — 7 — ; — I — 57^ sm i-TT-(i? + 3'tan30°)h , 
27r (^ + 2 tan 30^ I *^ i 

the value of which from a?=Otoa? = eis found by putting 
e for X. And 

e=/. [sin {^ (j, - <7 tan 30')} - sin {^ (i> + ? tan 30")}], 
the value of which from a? = to a = 6 is 
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The sum of the squares is [ omitting the factor —3 j 



{F 



+ 



[2-2 coa j^ (j) + J tan SO")! 1 



(p + 2 tan 307 



>o/\0 



p''-2'^tan"30 



X 



1+cos^-^^^^^^cosj^ 



_ 2jp'+6g'tan'30^ 4j3gtan30^+ Vtan'30° pTre 



(p-jtan30')| 



+ 



Apq tan 30^ - Aq^ tan» 30 



(p*-2*tan'30y 



cos <-^ (^ + y tan 30°) 



b\ 



2p*-2q^ tan' 30* ^ireq tan 30' 



{p'-^Un^'SO';) 



cos 



JX 



Let p = rQOS0y q=^r Hind: which is the same as referring 
M to the central point of the screen by polar co-ordinates. 
Then observing that tan" 30 = J, and restoring the factors 



and 



9^ 9 



Alt' AirY 

this may be put in the form 

3&V 1 



327rV*.' sin* . sin« {0 - 60°) . sin'' {0 - 120'0 
X r? - sin {0 - 60°) . sin (0 ^ 120°) . cos (g^^ sin 5^ 

- sin {0 - 120°) . sin {0 - 180°) . cos L^^JL sin (^ - 60°)l 

- sin {0 - 180°) • sin {0 -240°) • cos (t^^ sin {0 - 120°)|1 . 



16XV(3) 
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The maximum value it will be found is when r = 0, and is 

= -- . The value is also considerable when = 0, or = 60^, or 
o 

= 120^ or = 180*, or = 240^ or = 300', when it is 

VeV / U . 27rre\ W /, 27rre\ 

__fl sm-^j+^-^,(^l.cos— j, 



Stt^t^V 



Trre 



(as will be found by commencing with the first integral for- 
mula of (80), and, for the ray, making q = 0; and, for the 
central point, making ^ also =0). This points out exactly 
the star-like form observed by Sir J. Herschel {Encyct Metrop. 
Light, Art. 772). 

83. Let the aperture be a great number m of equal 
parallelograms of length 2/ and breadth e at equal distances 
g. Here y = —f^ y" = +/: and the expression to be inte- 
grated is 



cos 



'27r 



Ct?« - J?-f ? a?- y-]!- - cos 



:-(._^,|«^./)| 



= 2 sin 



^'•-{f(»'-^+i'f 



The general integral is 



XJ . 27rqf 

— sm ^ r . cos i 



Trp 



U 



^^^(..-5+f.)}. 



If k be the value of x corresponding to the first side of the 
first parallelogram, that corresponding to the first side of the 
(n + 1)*^ parallelogram will be k + n {e + ff), and that cor- 
responding to its last side ]c + n{e+ff)+e. The integral 
therefore for the {n + 1)*** parallelogram is 

2\J . 271^/ ^.^irpe ^._ [27r { -^^P^ ^jpe ^ p{e+g) 



— cos 



/ 



= sm 

irp 



Ish-^'\X f 



n\ 
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^'^-'t-^-'^-- 



then the whole displacement at M 

27rq 



produced by all thfe parallelograms, {restoring the factor 
from (80)}, is 

^ sin ?^J^. sin ^ t sin [^ \vt^ C+P^n\] . 

The finite integral of the last term with respect to n is 
-1 



2 sin 






cos 



[-|.,.C^£(£^)(„-i,)]. 



which from n = Oton = m is 



"'° bX 

. p (e + g) V 



sin |^_|„«_C7+— 3— .-^jj . 



Thus, putting 



J 2 ' 



we have for the whole displacement 

XW . 2'rrqf , frpe h\ 

—5 — sm "ZTT- • sm -:fr . ; . , . sin ■{ 



Trpq 



sm 



TT 



1? c--^)} ■ 



J\ 



and consequently the intensity of the light is 

Sin 
,ij^fU . 2Trqf\^[lJ} . irpey j bX 

^^J\7. — >*sm-^rT^ .sm -r^ -S / . \ 

•^ V27rj/ X6 y VTrpe X6/ j ^:^ f>(e + ^) 



r.;,,-P(« + 5^)^ "^ 



Bin 



6\ ^ 



^. 



84. The most remarkable variation of this depends on 
the last term. This may be represented by f . ^ J , where 






*Jf^ - -" 
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m is a large whole number. This has a great nurfiber of 
maxima corresponding to values of Q for which mQ is 8ome-> 

what less than the successive odd multiples of - (omitting 

— itself) \ but the greatest maximum is that found bj making 

sin 5 = 0. Its value is then m*, which is much greater than 
any of the others. For, the next maximum, when mQ = 258* 
nearly, is 

sin 258V 1 . i.r...c. 

^^^ \ nearly = w' x 0*0472 ; 



sm 



m 



the next is nearly = m' x 0*016 : &c.; and when sin 6 is nearly 
= 1, the maximum is nearly 1. As we approach to the value 
5 = TT, one or two values are sensible, and then we reach the 
large maximum, of the same value as before. Suppose now 
we have placed on the object-glass of a telescope a grating 
consisting of 100 parallel wires. There will be a bright 
image of the luminous point formed at the centre of the field, 
and one or two less bright on each side, so close that they 
cannot be distinguished : after this there will be others, but 
their intensity will diminish so rapidly (being at one of the 

maxima only of that of the brightest) that they will be 

invisible; and at a distance there will be another point as 
bright as the first: and at an equal distance beyond it, 
another: and so on. Thus there will be a succession of 
luminous points at equal distances from each other, with no 
perceptible light between them. The distance of these points 
IS found by making 

5 = 0, or TT, or 27r&c.; or i?==0, or — ; — , or — — - , &c. 

This applies to any one kind of homogeneous light. When 
there is a mixture of differently coloured lights (as in white 
liffht), there will be a union of bright points of all the colours 
where o = 0, but at no other place. For, to arrive at the 
second bright point, we must go to a distance from the first 
proportional to X. Consequently the next blue point will be 
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nearer to the center than the next red point, &c. Thus in 
the center there will be a bright white point, but at the sides 
there will be spectra similar to those formed by .a prism, their 
blue ends being nearest to the center. And as each bright 
point is almost perfectly insulated, the spectrum will he pure/ 
that is, there will be no sensible mixture of colours in any 
part of it. This is verified completely by experiment : the 
spectra are so pure that, when the solar light is used, the 
fixed lines or interruptions of the spectrum, which are so 
delicate that only the best prisms will shew them, may be 
seen in the spectra formed as we have described. 

85. We shall now consider the term 

(XJ . TrpeV 
. sm — r . 
TzytJ A/»/ 

When p is small, or when e is small, this is = 1. When p is 
increased to any multiple of — , it vanishes. Consequently, 

whenever the same value of ^ is a multiple of — and of 

, one of the spectra wiU disappear : that is, whenever e 



and g are commensurate. This is true in experiment. And 
at all events, the successive spectra are less bright than the 
central colourless image, this factor having its greatest value 
when p = 0. 

It is unnecessary to consider the effect of the first factor, 
as it only points out the law of brightness in the direction of 
the length of the parallelograms. 

86. The aperture is a circle, whose radius = e. (This is 
the ordinary state of a telescope.) Since the intensity will 
be equal at equal distances in all directions from the center of 
the screen, let p = r, j = 0. It is evident that * 

Then the expression to be integrated in (80) becomes 



u.™fr(»'-5+?))- 
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The first integral is obtained by multiplying the sine by y. 
Taking this between the limits, the expression becomes 

/,2V(e^-a:>)sin|^(t;<^J5+y)|, 



or 



2 8in|^(««-5)|/.V(e'-a!') 
+ 2 cos 1^ {vt - B)\ /, -v/(e' - a^ si 



2irrx 
2'nTX 



which is to be integrated from x^-^etox^-he. 

The second line, it is evident, will vanish : and the ex- 
pression is reduced to 



2 sin |~^ {vt - B)\ /. VCe* - a?) cos 



Let - = 
e 



27rrx 

X 27rre ,, . , 

tr, -r— = n : the expression becomes 



26* sin ]-r" (^^ "* -^M •^*' ^^^ ~ ^'^ ^^^ ^^' 

from t(? = — 1 to W7 = + l. 

4 

Let <^ (w) = - /«, V(l - ^'O cos WW?, 

from t^ = to w = 1: 
the expression is 



sin]^(t,^-5) 



and the intensity of light is 

eV{<^(w)}^ 

A table of values of <^(ii) is given at the end of this work. 
On examining it, it will be seen that there is blackness when 
n = 3,83 or 7,14 or 10,17 (which indigates dark rings): and 
brightness when n = 5,12 or 8,43 or 11,63 (which indicates 
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bright rings), with intensities respectively about ~, — -, 

and -rrr: , of that at the center, 
n J 620' 

^^^^^ The angular, diameter of any ring as viewed from the 

^:^jU^ir/ center of the object-glass = y = 5 — . Let this angular dia- 
meter in seconds be «, then n = — r— sin 1", If e the radius 

of the object-glass be expressed in inches, and if for mean 
rays \ be 0,000022 inch, the last equation becomes 

n = l;d846 X ea. 
Hence we have, 

For the bright rings, es = 3,70, 6,09, 8,40 ; 
For the black rings, ea = 2,76, 5,16, 7,32. 

These are the ordinary rings seen round a star when 
viewed with a good telescope. 

It appears from this that the central image of a star (the 
star bemg considered as a point of light without visible 
dimensions) is not a point but a circular disk, diminishing 
in intensity of light towards the edges; whose extreme radius, 
in seconds, is defined by the equation 

es = 2,76. 

< 

The larger is the aperture of the telescope, the smaller is the 
angular measure of the breadth of the disk. 

^86. The aperture is an ellipse, whose semiaxes are e and £ 
Taking the general co-ordinates f and ^ for a point in the 
screen, and remarking that, in the expressions of (80), 



V 
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if will be seen that the first of the four terms in the final ex- 
pression for displacement is 

to be integrated from a? = — e to x = + e. 

Now if we had investigated the displacement with a cir- 
cular aperture of radius e, for a point on the screen whose 
co-ordinates are p and q\ the first of the four terms would 
have been 

co8.|?^ {vt - £)| ^ COS [^J {px - 4 V(e' - ^\\ . 

Disregarding the change in the constant multiplier from 
to - — 7, these expressions would be exactly the same 



27rg' lirq^ 

and to be integrated between the same limits, i{—=^q: and 

the same holds for the other terms of the displacement. But 
it was found in (86) that, for the circular aperture, the bright- 
ness or darkness depends simply upon the value of r, where 
r* = p^ + q^ : and a rmg of definite light is determined by the 
equation 

r^ = constant, or p^ + j * = constant. 

Therefore in the case of the elliptic aperture, a ring of definite 
light is determined by the equation 

p^ + 2 * == constant, or p^ +*^-t" = constant. 

This is the equation to an ellipse whose semiaxis in the 
direction of jp is to that in the direction of y as / to e. Con- 
sequently the central spot and the rings are elliptical, but the 
direction of the major axis of the rings corresponds to that of 
the minor axis of the aperture. This is found in experiment 
to be true. 

87. The whole of the experiments which are the subject 
of Prop. 20, (80) to (*86), are easily made by limiting the 
aperture of the object-glass of a telescope, or by placing 

6 
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gratings before it. The appearances which we have inresti- 
gated are those that would be formed on a screen in the focus 
of the object-glass ; but it is well known by common Optics 
that the appearance presented to the eye, when an eye-glass 
is applied whose focus coincides with the focus of the object- 
glass, is just the same as if the light had been received on a 
screen placed there. Thus it is only necessary to limit the 
aperture and then to view a bright point (as a star), when 
the phaenoraena that we have described will be seen in great 
perfection. 

• 

88. The experiment of (83) &c. is particularly remarkable 
on this account. It shews that there is light diverging in all 
directions from the front of the grand wave where it meets the 
lens, which is insensible only because it is destroyed by other 
light. For if we view a luminous point with a telescope in 
its usual state, no side images are seen : on putting a grating 
on the obiect-elass, which intercepts a part of the liffht, the 
side imais a^re visible. That lis depends simpl/on the 
obstruction of the light, and not on any reflection or refraction 
by the grating, is evident from this circumstance, that it is in- 
different whether the grating consist of wire, or silk, or lines 
scratched on the glass with a diamond point, or lines ruled on 
a film of soap or grease. The same pnnciple may be used to 
explain the spectra produced by the reflection of light from 
metallic surfaces on which lines are engraved at very small 
equal distances. In fig. 23 if light from F falls on a small 
reflecting surface Ad and is received on a screen Gff^ and if 
F and O be both distant, then a point G may be found 
such that the paths FAG, FBGy &c. will not sensibly differ 
in length ; and therefore the small waves which are produced 
by the same great wave, coming from every part of the sur- 
face, will meet in the same phase at G. And this will be 
true whether any part of the surface is removed or not. But 
at H there will be no illumination, because we may divide the 
surface into parts A^ a, B, J, &c. such that the path FaH 
(supposing the surface a continuous plane) is less than FAH 

by - , and therefore the small wave coming from a will de- 

stroy that coming from A ; the small wave coming from b will 
destroy that coming from £: and so on. Now suppose that 
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we remove tie parts a, b, c, d, &c. There is now no ware to 
destroy any one of those coming from -4, \5, &c. : and they 
will not destroy each other, because the path FBH being less 
than FAS by \ FOR being less than FBH by \, &c., they 
are aU in the same phase. Consequently there will be bright- 
ness at H. For different values of \ it is evident that we 
must take points at different distances from Q: and thus 
spectra will be formed nearly as in -(84). 

For calculations applying to various cases of interference, 
the reader is referred to several volumes of the Philosophical 
Transactions, the Cambridge Transactions, and the J^hilo* 
sophical Magazine, A most remarkable Investigation by 
Professor Stokes on an apparent change in the periodic 
time of waves will be found in the Philosophieal Transacr- 
tions, 1852, 

APPLICATION OF THE THEOBY OF UNDULATIONS TO THE 
PHENOMENA OF POLAKIZED LIGHT. 

89. In the preceding investigations, no reference has been 
made to the direction in which the particles of the luminifer- 
ous ether vibrate. They-might, like the particles of air in the 
transmission of sound, vibrate in the direction in which the 
wave is passing: or they might, like the particles of a musical 
string, vibrate perpendicularly to the direction of the wave, 
but all in one plane passing through that direction. To 
these, or any other conceivable vibrations, our investigations 
would apply equally well : all that is required being that they 
should be subject to the general law of undulations, and that 
for a considerable number of vibrations the extent and time 
of vibration should be the same. The phaenomena of polar- 
ization, however, enable us to point out what is the kind 
of vibration. 

90. The properties of Iceland spar (which, it has since 
been discovered, are possessed by the greater number of 
transparent crystals) first pointed out the characteristic law 
of polarization. If a pencil of common light be made to 
pass through a rhombohedron of this crystal, it is separated 
into two of equal intensity. This may be shewn either by 
viewing a small object through it, when two images will 

6—2 
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be seen ; or by placing It behind a lens on which the light 
of the Sun or tnat of a lamp is thrown, when two images 
will be formed at the focus. A line drawn through those 
two images is in the direction of the shorter diagonal of the 
rhombic face of the crystal ; the rhombohedron being sup- 
posed to be bounded by planes of cleavage, and the pencil of 
light being incident perpendicular to one of them. 

91. On examining the paths of these pencils within the 
crystal, it is found that one of them obeys the ordinary laws 
of refraction, but the other follows a more complicated law 
{which we shall hereafter describe). The first is therefore 
called the Ordinary pencil, and the other the Extraordi- 
nary pencil : and they are frequently denoted by the letters 
and £ 

92. To the eye no difierence is discoverable between the 
two pencils, or between either of them and a pencil of com- 
mon light whose intensity is the same. Yet the properties of 
the light in the two pencils are different, and both are dif- 
ferent from common light. For if we take one of the pencils 
(for instance 0) and place a second rhombohedron before it ; 
on turning the first rhombohedron it is found that in general 
the second crystal separates the pencil into two of unequal 
intensity, one following the ordinary law and the other the 
extraordinary law (which we may call Oo and Oe), and that 
in certain relative positions of the crystal one of the pencils 
wholly disappears. On examining the positions it is found 
that, when the two rhombohedrons are in similar positions 
(that is, when all the planes of cleavage of one are parallel to 
those of the other), or when they are in opposite positions 
(that is when, keeping the same surfaces in contact, the first 
is turned 180** from the position just described), Oe disap- 
pears, and Oo only remams ; that is, there is only an ordi- 
nary pencil produced by the second crystal. On the contrary, 
when the first rhombohedron is turned 90" either way from 
the position first described, Oo disappears, and Oe only re- 
mains : that is, there is only an extraordinary pencil produced. 
In any intermediate position that pencil is strongest which, in 
the nearest of the four positions that we have mentioned, does 
not vanish. 
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93. Now if instead of we take the pencil E, the ap- 
pearances are wholly changed. In general, as before, the 
second rhombohedron divides this into two pencils of unequal 
intensity, one following the ordinary and the other the extra- 
ordinary law (which we shall call Ed and jEJs). But when the 
crystals are in similar or in opposite positions, JSo vanishes, 
and Ee only remains: that is, there is only an extraordinary 
pencil produced. When one is turned 90' from the similar 
position, Ee vanishes and Eo remains : that is, there is only 
an ordinary pencil produced. 

% 

94. It appears then that neither* of these two pencils is 
similar to common light ; for, when either of them is received 
on a second rhombohedron, it does not always produce two 
pencils : common light always does produce two. It appears 
also that they are not similar to each other ; for, in certain 
positions of the second rhomb, will produce only an ordi- 
nary ray, while E will produce only an extraordinary ray : in 
certain other positions, will produce only an extraordinary 
ray, and E only an ordinary ray. The rays therefore have 
some peculiar properties depending on the position of the 
crystal. But between the properties of the two rays a re- 
markable relation can be found. When the rhombohedrons 
are in similar positions, will produce only an ordinary ray. , 
When the first is turned 90", E will produce only an ordinary 
ray. Consequently, on turning the crystal 90**, E has the 
same properties which had before turning it. Again, when 
the rhombohedrons are in similar positions, E will produce 
only an extraordinary ray. On turning the first through 90**, 
will produce only an extraordinary ray. Consequently, on 
turning the crystal 90®, has the same properties which E 
had before turning it. This shews clearly that the two pen- 
cils have properties of the same kind with reference to two 
planes passing through their direction and moving with the 
crystal ; and that the two planes are at right angles to each 
other. If a plane passing through the direction of the pencil 
and the shorter diagonal of the rhombic face be called the 

* The reader will obserre that the term Ordinary pencil does not signify 
tjiat the pencil is simiUr in its properties to common light, but merely that it 
is subject to the same lavs of refraction as common light. 
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principal plane* of th« crystal, then we may assert that the 
properties of the Ordinary ray possess the same relation to the 
principal plane, which the properties of the Extraordinary ray 

Possess to the plane at right angles to the principal plane, 
^his is commonly expressed thus : the Ordinary ray is polar- 
ized in the principal plane^ and the Extraordinary ray is 
polarized in a phm perpendicuU^r to tlm principal plam. 

95. There are some crystals which possess the property 
of separating common light into an Ordinary and an Extra- 
ordinary pencil, and then absorbing one of them. Thus cer- 
tain specimens of agate, and plates of tourmaline cut parallel 
to the axis, allow the Extraordinary pencil to pass, and 
nearly suppress the Ordinary. This however is only true 
when the plates have a certain thickness: for, when they are 
very thin, the Ordinary and Extraordinary pencils are seen 
to have equal intensities. But the method of exhibiting 
polarized light which is most extensively used in experiments 
IS, to reflect common light from unsilvered glass or any other 
transparent substance, solid or fluid. It is found that if the 
tangent of the angle of incidence is equal to the refractive 
index, the whole of the reflected light is polarized \ in the 
same way as the Ordinary ray produced by the first rhombo* 
hedron of Iceland spar when its principal plane is parallel to 
the plan^ of reflection from the unsilvered glass, &c. For, if 
the second rhombohedron be placed in that position to receive 
the reflected ray (instead of receiving the ray from the first 
rhombohedron), an ordinary ray only is produced : if in the 
position difi-ering 90* from this, an extraordinary ray only 
IS produced : which (92) is exactly the same effect as that 
produced by 0, the crystal having the position that we have 
described. This is expressed by saying that the reflected 
light la polarized in ike plane of reflection. The angle of inci- 
dence which is proper for this is called the polarizing angle. 
The transmitted light, it is found, possesses in part the proper- 
ties of the Extraordinary ray ; the principal plane of the crystal 

* This tenn will be used hereafter in a more general sense. 

i* This was the discovery of Malus. It was important at the time, as calling 
the attention of philosophers to the subject : but all the phsenomena of coloured 
rings, &o. may be exhibited perfectly well without using this property of re- 
flection. 
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With which we mentally compare it being still conceived to 
be parallel to the plane of reflection. For, if the second 
rhomb be placed in that position, the transmitted light pro- 
duces both an ordinary and an extraordinary ray, but the 
former is less bright than the latter. This is expressed by 
saying that the transmitted light is partially polarized in 
the plane perpendicular to the plane of reflection. If a great 
number of plates of unsilvered glass be placed together, the 
reflected light appears completely polarized in the plane of 
reflection, and the transmitted light appears completely po- 
larized in the plane perpendicular to the plane of reflection. 

96. We have here considered the test of polarization to 
be, the formation of only one ray when the light passes 
through a crystal of Iceland spar. JBut as the reflection from 
unsilvered glass at the polarizing angle gives properties ex- 
actly similar to those of the Ordinary ray of Icelana spar (the 
principal plane of the spar being conceived parallel to the 
plane of reflection), it may be conjectured that light polarized 
m the plane perpendicular to the plane of reflection, as it 
would not fumisH any Ordinary ray with Iceland spar, will 
not furnish a reflected ray from unsilvered glass, but will be 
entirely transmitted. This is verified by experiment : and 
thus we have an easy practical test of the polarization of light. 
If light incident at the polarizing angle on unsilvered glass is 
not susceptible of reflection, it is polarized in the plane per- 
pendicular to the plane of reflection. And if, on turning the 
glass round the incident ray without varying the inclination, 
the reflected light does not vanish in any position of the glass, 
the light is not polarized. In the same manner the polar- 
ization of a ray may be ascertained by examining the state 
of the emergent ray, after incidence on a plate of tourmaline ; 
if in any position of the tourmaline the emergent ray disap- 
pears, the plane of polarization of the incident ray is parallel 
to the plane then passing through the ray and through the 
axis of the tourmaline* 

97. From this it will easily be inferred that if two such 
plates of tourmaline are placed with their axes at right angles 
to each other, no light can pass through them. For the light 
which is transmitted by the first is polarized in the plane per- 
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pendiciilar to its axis, that is, in the plane of the axis of the 
second : and therefore is not allowed to pass through the 
second. If one of the tourmalines be turned, light is imme- 
diately seen : it increases till the axes of the tourmalines are 
parallel. In the same manner if in fig. 24 ^ be a plate or 
several parallel plates of unsilvered glass, and B an unsilvered 
glass* (whose posterior surface is blackened, to preyent re- 
flection there), B being fixed on a block which turns round a 
spindle at G in the direction oi AB: and if each of the glass 
surfaces make with AB an angle of about 33^ 13' (the re- 
fractive index of plate glass for mean rays being about 
1,527 = tan 56*^. 47') : then on receiving the light of the clouds 
on A in such a direction that the reflected light falls on £, 
and placing the eye to receive the light reflected from 5, it 
is seen that when the planes of reflection coincide, or nearly 
coincide, a considerable quantity of light is reflected from B : 
as the planes of reflection are inclined, less light is reflected : 
and when (as in the figure) they are perpendicular to each 
other, no light is reflected. This is strictly true only for the 
light incident from -4 on -B in direction of the line joining their 
centers : but it is nearly true for light making a small angle 
with this. It is strictly true also for light of only one colour 
(since the polarizing angle, which depends on the refractive 
index, is different for differently coloured rays), but if the 
mean angle be used it is nearly true for all. We shall fre- 
quently allude to this apparatus : we shall then call A the 
polarizing plate and B the analyzing plate* 

98. Now in the experiment of (46) or (57), (fig. 14 and 
15) if a plate of tourmaline be placed in each of the pencils of 
light supposed to start from G and H^ the plates of tourmaline 
being cut from the same large plate which has been carefully 
worked to uniform thickness, it is found that the existence of 
the fringes of interference depends entirely on the relative, 
position of the axes of the tourmaline plates. If both axes be 

* Instead of reflection from an unsilvered glass, transmission through a 
plate of tourmaline may be us^. StiU more convenient than a plate of tour- 
maline is the ^* Nicors Prism/* a combination of two prisms cut out o^ a block 
of Iceland spar with edges parallel to the crystalline axis, and united with iheir 
edges in opposite directions, with an interposed transparent medium (Canada 
babam) of such refractive index that the Oidinary ray is totally reflected at its 
surface, while the Extraordinary ray is transmitted. See (115) &g. 
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parallel, whatever be their position, the fringes of interference 
are seen well, and the dark bars are perfectly black. If they 
are not parallel, the dark bars are not so black ; and if they 
are at right angles to each ojther, the fringes disappear en- 
tirely. It appears therefore that pencils of light polarized in 
planes at right angles to each other cannot interfere (that is 
cannot destroy each other) in circumstances in which pencils 
of common fight or pencils of light polarized in the same 
plane, can destroy each other. 

99. From the experiments that we have described, the 
following general conclusions are drawn. 

(1) If from common light we produce, by any known 
contrivance, light that is polarized in one plane, 
there is always produced at the same time light 
more or less polarized in the plane perpendicular 
to the former. 

(2) Light polarized in one plane cannot be made to 
furnish light polarized in the perpendicular plane. 

(3) Light polarized in one plane cannot be destroyed by 
light polarized in the perpendicular plane. 

The first leads at once to the presumption that polariza- 
tion is not a modification or change of common light, but a 
resolution of it into two parts equally related to planes at 
right angles to each other ; and that the exhibition of a beam 
of polarized light requires the action of some peculiar forces 
(eitner those employed in producing ordinary reflection and 
refraction or those which produce crystalline double refrac- 
tion) which will enable the eye to perceive one of these parts 
without mixture of the other. Tnis presumption is strongly 
supported by the pheenomena of partially-polarized light. If 
light falls upon a plate of glass inclined to the ray, the 
transmitted light, as we have seen, is partially polarized. If 
now a second plate of glass be placed in the path of the 
transmitted light, inclined at the same angle as the former 
plate, but with its plane of reflection at right angles to that of 
the former plate, the light which emerges from it has lost 
every trace of polarization ; whether it be examined only witli 
the analyzing plate J?, or by the interposition of a plate of 
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crystal In the manner to "be explained hereafter (145). This 
seems explicable only on the supposition that the effect of the 
first plate of glass was to diminish that part of the light which 
has respect to one plane (without totally removing it), and 
that the effect of the second plate is to diminish in the same 
proportion that part of the light which has respect to the other 
plane ; and therefore that, after emergence from the second 
plate, the two portions of light have the same proportion as 
before. On considering this presumption in conjunction with 
the second and third conclusions, we easily arrive at this sim- 
ple hypothesis explaining the whole : 

Common light consists of undulations in which the vibra^ 
ttons of each particle are in the plane perpendicular to the 
direction of the wavers motion. The polarization of light is 
the resolution of the vibrations of each particle into two, one 
parallel to a given pl-ane passing through the direction of the 
wav^s motion, and the other perpendicular to that plane; which 
{from causes that we shall not allude to at present), become in 
certain cases the origin of waves that travel in different direc" 
tions. When we are able to separate one of these from the 
other, toe say that the light of each is polarized. When the 
resolved vibration parallel to the plane is preserved unaltered^ 
and that perpendicular to the plane is diminished in a given 
ratio {or vice versa), and not separated from it, we say that 
the light is partially polarized. 

The reader who has possessed himself fully of this hypo- 
thesis, will see at once the connection between all the experi- 
ments given above. 

100. For the general explanation of these experiments, 
and for the accurate investigation of most of the phsenomena 
to be hereafter described, it is indifferent whether we suppose 
the vibrations constituting polarized light to take place pa- 
rallel to the plane of polarization, or perpendicular to it. 
There are reasons however, connected with the most profound 
investigations* into the nature of crystalline separation and 
into the nature of reflection from glass, &c., and confirming 

* This question has been discussed carefully, and with some difference of 
opinion* by Fresnel, Cauchy, Professor Stokes, and others. In the text, we 
adopt the opinion of Fresnel and Stokes. 
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each other in a remarkable degree, that incline us to choose 
the latter : and thus, 

When we say that Ught is polarized in a particular plane, 
we mean that the vibration of every particle is perpendicular to 
that plane. 

Thus, in the undulation constituting the Ordinary ray of 
Iceland spar, the vibration of every particle is perpendicular 
to the principal plane of the crystal : in that constituting the 
Extraordinary ray, the vibration of every particle is parallel 
to the principal plane. When light falls upon unsilvered 
glass at the polarizing angle, the reflected wave is formed 
entirely by vibrations perpendicular to the plane of incidence : 
the transmitted wave is formed by some vibrations perpen- 
dicular to the plane of incidence, with an excess of vibrations 
parallel to the plane of incidence. 

101. The reader will perceive that it is absolutely ne- 
cessary to suppose, either that there are no vibrations in the 
direction of the wave's motion, or that they make no impres- 
sion on the eye. For if there were such, there ought in the 
experiment of (98) to be visible fringes of interferences : of 
such however there is not the smallest trace. 

102. As we now suppose light generally to consist of 
two sets of vibrations which cannot interfere with each other, 
it becomes important to establish some measure of the in- 
tensity of the compound light. It seems that this cannot be 
any other than the sum of the intensities corresponding to 
the two sets of vibrations. So that if the displacement from 
one vibration be represented by a sin (v^ — oj + -4), and that 
from the other by 6sin (i?< — a5 + jB), the intensity of the 
mixed light will be a*-hb\ This then is the expression 
which we ought in strictness to have used in our former in- 
vestigations. But as in all these (except those relating to 
reflection from plane glasses and lenses) the quantities a and 
b have in every part of the operation the same, proportion, it 
is evident that the results, considered as giving the proportion 
of intensities of light, are in every instance correct. 

Pbop. 21. To explain on mechanical principles the transr* 
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mission of a wave In which the vibrations are transverse to 
the direction of its motion. 

103. In fig. 25 let the faint dots represent the original 
situations of the particles of a medium, arranged regularly in 
square order, each line being at the distance h from the next. 
Suppose all the particles in each vertical line disturbed ver- 
tically by the same quantity; the disturbances of different 
vertical lines being different. Let x be the horizontal ab- 
scissa of the second row \ x—h that of the first, and x-^h 
that of the third: let t*, w^, and u be the corresponding dis- 
turbances. The motions will depend upon the extent to 
which we suppose the forces are sensible. Suppose the only 
particles whose forces on A are sensible, to be 

5, G, D, E, F, a, 

(omitting those in the same line, as their attractions are equal 
and in opposite directions) : and suppose them to be attrac- 
tive, and as the inverse square of tne distance : and the ab- 
solute force of each = m. The whole force tending to pull A 
downwards is 

m{h + u — u) m (u — u) m{h^u + u) 

{/i' + (A + 1* - uf\^ "^ [h' + (u - ufi^ ~ {A« 4- (A - 1, + uy\^ 

m{h + u — u) m{u-'u) m (A — w + w') 

Expanding these fractions, and neglecting powers of u — u^ 
and u — u above the first, the force tending to diminish u is 

Putting for w^, 

''^dx'^d7''2' 

and for u\ 

du - d^u A' 
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Ave find 

d^u _ / 1 \m. d^u * 

W\ 2yh'd^ 

an equation of exactly the same form as that for the trans- 
mission of sound (10). The solution therefore has the same 
form: and therefore the transversal motion of particles sup- 

* If A is BO l&rge with regard to the length of a ware that the terms after 
h^ cannot be safely neglected, we may, by assuming a form for the function 
expressing ti, integrate the equation 






If, as we usually suppose, 



u=A sin |— {vt-x)l, 
u^ + u'=A sin |-^ (r«-a;+A)| 



■^A sin Iy (^- ^-^)[> 

« . 2irA . i2ir , ^ , ) 

= 2il . cos -T— . sm J — {vt -x)i , 

and 2u-u^-u'=iA 'Sin*— . sin j^ (^^~*)| J 
and by substitution, the equation becomes 

Whence «»= (1 -^«; • j • ,^ »•»* y ' 






-«'«Vl(^-iO-iJ 



sm -rr- 
A 

T 



This expression increases as X increases ; that is, undulations consisting of long 
waves travel with greater velocity than those consisting of short waves. Thus 
the different refrangibility of differently coloured rays is accounted for. See 
Article 38. For other modifications of this theory, and their comparison with 
the observed indices qf refraction of different rays in different media, the 
reader is referred to Professor PowelFs treatise On the UnduUatory Theory at 
applied to the eseplanation of unequal refranffibility^ 
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posed here follows the same law as the direct motion of the 
particles of air : that is, it follows the law of midulation. 

104. It seems probable that if we had supposed any 
other regular arrangement, or taken any other law of force, 
the same conclusion would have been obtained. And if we 
suppose the arrangement symmetrical with respect to certain 
fixed lines, but different in distance of particles, &c. in dif- 
ferent directions (as for instance if we suppose every eight 
adjacent particles to be at the angles of a parallelopiped as 
in fig. 26), then for vibrations of the particles in different 

directions the multiplier of --r% will be different, and conse- 
quently the velocity of transmission of the wave (which is 
the square root of the multiplier) will be different. And the 
velocities of two waves may be different even when they are 
going in the same direction, provided that one of these waves 
consist of vibrations in one direction, and the other of vibra- 
tions in another direction, as if for instance in fig. 26 the 
directions of both waves were perpendicular to the paper, but 
if one set of vibrations were in the direction up and down, 
and the other in the direction right and left. For the force 
with which the particles act on each other depends on the 
distance of the particles in the direction of the waves' motion, 
and on their distance in the direction of the particles' vibra- 
tion : and in the case supposed, the latter element is different 
for the two waves, though the former is the same. 

105. If the displacement of a particle, considered as in 
any direction, be resolved into three displacements in the 
directions of a?, y, «, the variations of force in those directions 
produced by the alteration of a single particle (and conse- 
quently the force produced by the whole system) are the 
same as if the displacements in those directions had been 
made independently. From this it easily follows that the 
sum of any number of displacements causes forces equal to the 
sum of the forces corresponding to the separate displacements : 
and then, by the reasoning in (10) and (11), any number of 
undulations, produced by vibrations in different directions, 
may co-exist without disturbing each other. 

Prop. 22, To explain the separation of common light into 
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two pencils by doubly-refracting crystals : and to account for 
the polarization of the two rays in planes at right angles to 
each other. 

106. We shall assume for the state of the particles of 
ether within a crystal, an arrangement similar to that de* 
scribed in (104), or at least possessing this property, that there 
are three directions* at right angles to each other, in which 
if a particle be disturbed, the resultant of the forces acting 
on it will tend to move it back in the same line in which 
the displacement is produced. These lines we suppose to 
be parallel to some lines determined by the form of the 
crystal. 

107. Now in general the displacementt of a particle or 
a series of particles will not produce a force whose direction 
coincides with the line of displacement. For suppose the 
disturbance in the direction of x to be X; that in the direc- 
tion of y to be Y: and suppose the corresponding forces to be 
a'X and JTl The tangent of the angle made by the resultant 

force with the axis of x is -Ty- but the tangent of the 

angle made by the direction of displacement with the axis 

. Y 

of X is "Y* *^^ these are different if a' and 1/ are different. 

In the same manner if we supposed a displacement Z in the 
direction of z, and if it produced a force ^Z, the tangents of 
the angles, made by the projection of the resultant's direction 

* M. Fresnel has demonstrated that this must be the case when the small 
displacement of a particle in the direction of any one of the co-ordinates pro- 
duces forces in the direction of all, represented by multiples of that displace- 
ment. This is apparently the most general supposition that can be made. 
Mimoirea de rjnsUtutf 1824. See also Griffin's l^keory of Double Mefraction, 

f We have spoken here of displcbcementa as if the tbrces concerned in the 
transmission of a wave were thus put in play by absolute displacements. It is 
however plain from (103) that the forces on A really put in play are produced 
by rtUUive displacements : but it is evident that these forces are the same as 
those that would be put in play by the absolute displacement 

J(2f*-ii,-i*)or^-,.-. 

In like manner, when the direction of displacement is any whatever, the quan- 
tity \ (2u - 1»' - u^) in its proper direction may be resolved into the direction of 
the co-ordinates, and the forces really acting on A will be the forces corre- 
sponding to these spaces considered as abtolute displacements. 
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cfX 

on the planes of xz and yz with the axis of z. would be -=-«, 

^ cZ 

VY . . . 

and -^ : while those made by the projection of the line of 

X Y 

displacement would be -y and -^ . 

108. Now suppose that, in fig. 26, MN is the front of a 
wave : or by the aefinition of (20) and the assumptions of 
(99) and (101), all the particles in the plane of which MN 
is the projection are movmg with equal motions in that plane. 
In general the force which acts on these particles in c6nse- 

Juence of their displacement, is not in the direction of the 
isplacement, and is not even in the plane MJSf. Resolve it 
into two, one perpendicular to the plane and one parallel to it. 
The former of these may be neglected, because it can only 

5 reduce a motion which, by (101), is not sensible to the eye. 
^he latter, though in the plane, will not generally be in the 
direction of the displacement. It is impossible then to find 
what motions will be caused by this displacement without 
resolving it. If we can resolve it into two, such that the 
force produced by each displacement is in the direction of 
that displacement, then we can find for each of these separately 
the motions that will result from it. It is clear now that we 
have fallen on a case exactly similar to that of (104), and 
the conclusion is the same, name^, that there will be two 
series of waves travelling with different velocities. 

109. Now in (34) we have found that the refraction in 
a transparent medium depends on the velocity of the wave 
within that medium. Consequently the refraction of the two 
series of waves will be different ; and thus is explained the 
bifurcation of the ray, when common light is incident on 
a surface of the crystal. And each of these consists of vibra- 
tions parallel to one line, that is, by (99), of polarized light: 
and, as will appear by subsequent investigations, the lines of 
vibration are perpendicular to each other, and therefore the 
planes of polarization (which are perpendicular to the lines of 
vibration) are perpendicular to each other. This explanation 
may be considered as the most important step in Physical 
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Science since the establishment of the law of gravitation by 
Newton. 

^ Prop. 23. To investigate the law of double refraction in 
uniaxal crystals. 

110. By untaxal crystals we ipean those in which 5*= a', 
while c' is not equal to a*. The investigation, it is seen 
from (108) and (109), reduces itself to these two things; the 
discovery of those directions of displacement in the plane of 
a wave in which the resolved part of the force parallel to 
the plane is in the same direction as the displacement, and 
the investigation of the velocity of transmission for waves 
whose vibrations are in those directions. Now the force, 
produced by a displacement in any direction parallel to the 
plane of xy, is in the same direction as the displacement : and 
therefore it is indiflFerent what line in the plane of scy we take 
for X. Let x then be perpendicular to the intersection of the 
front of the wave with the plane a?y. In fig. 27, let MNhe 
the projection on the paper of the front of the wave (supposed 
perpendicular to the paper), AM the axis of a?, AN the axis 
of «, which we shall call the axis* of the crystal : the 
angle made by the front of the wave with the plane of a?y. 
Then it is plain, from the symmetry of the forces with respect 
to Zj that a displacement parallel to the line MN will cause 
a force whose resolved part parallel to the plane MN is in 
the line MN; and that a displacement in the plane MN per- 
pendicular to the line MN will cause, a force also perpen- 
dicular to MN The vibration then of the wave incident on 
the crystal must be resolved into two vibrations parallel to 
these, and these vibrations, as in (108), will produce two 
rays that will travel with different velocities. 

111. Now the force put in play by a displacement per- 
pendicular to the paper is represented by a* x displacement. 
Consequently the wave depending on these vibrations moves 
with the velocity a whatever be the position of the front 
of the wave. This is the same law as that assumed in (34) 

* This always coincides with the mineralogfioal axis of the crystal. Thua 
in Iceland spar it is in the solid angle included by three obtuse angles of the 
plandlB of cleavage, and makes equal angles with them ; in quarts, tourmaline, 
beiyl, &c. it is the axis of the prism. 

7 
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for common refracting media, and the resulting law of re- 
fraction is therefore the same. Let any plane passing through 
the axis of z or the axis of the crystal be called 2i, principal 
plane of the crystal ; then this conclusion may be stated thus : 
the waves consisting of vibrations perpendicular to a prin- 
cipal plane of the crystal are refracted according to the 
ordinary law of refraction. This accounts for the refraction 
and polarization of the ordinary ray. 

112. For the displacement in the plane of the paper : 
putting D for that displacement, it may be resolved into 
i> cos 6 parallel to a, and D sin 6 parallel to z. The result- 
ing forces will be represented by a^D cos 6 parallel to x and 
(?I) sin 6 parallel to z ; and the sum of the resolved parts of 
these parallel to MN is represented by 

i>(a'cos'e + c'sin'5). 

The velocity of transmission of the wave perpendicular to its 
own front is therefore 

VCa'cos'^ + c'sin''^). 

This is not the same in all directions ; and hence the waves 
consisting of vibrations parallel to a principal plane of the 
crystal are not refracted according to the ordinary law. 

113. If now the front of a wave produced by such vibra- 
tions have at any time the form PQB, fig. 28, the form of the 
front at a succeeding time will be determined by taking Pp per- 
pendicular to the surface at P and proportional to the value of 

V(a' cos' + c' sin' ff) there ; 

Qq perpendicular to the surface at Q and having the same 
proportion to the value of 

\/(a'cos'^ + c'sin'5) there; &c. 

If the wave were produced originally by an agitation at (7, all 
the successive fronts must be similar ; and if we take points 
of all where their tangents are parallel, that is, points along a 
radius CQ, the perpendicular distance of each front from the 
next is proportional to 

V(a'cos'^+c'sin'e), 
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and therefore the sum of all, which is the same as the 
dicular on the tangent at Q^.must be proportional to 

V(a*cos»^ + c*sin*d). 

Therefore, to find the form of an extraordinaiy wave diverging 
from a point, we mnst solve this problem : To find the curve 
where tne perpendicular on the tangent is proportional to 

V(a*cos»^ + c*8in*^), 

6 being the angle made bj the tangent with the axis of x. It 
is well known that this is an ellipse, whose axes in the direc- 
tions of z and x are in the proportion of a : c. Consequently, 
to discover the path of the extraordinary ray, we must suppose 
the waves produced by vibrations parallel to a principal plane 
to diverge m the form of a spheroid of revolution round a line 
parallel to the axis of z, and must suppose the semi-axes of the 
spheroid parallel and perpendicular to « to be represented by 
a and c : and must then proceed as for common light. The 
radius of the sphere into which the ordinary wave has di- 
verged must at the same time be represented by a. 

114. It is easily seen that the motion of an extraordi- 
nary wave in the crystal is not generally perpendicular to its 
front. For let AB^ fig. 29, be an aperture tnrough which a 
small part of an extraordinary wave passes : CD a line par- 
allel to the axis of the crystal. Consider -4, a, J, c, &c. as 
the origins of equal spheroidal waves, the axes of the waves 
being parallel to CD, It is plain that the part between E 
and F is the only place in which the waves strengthen each 
other, as at all points on both sides of this they precede or 
follow each other by different quantities, and therefore mutu- 
ally destrby each other, while between E and F the neigh- 
bouring waves meet in nearly the same phase. The wave 
therefore will seem to travel from AB to EF. The general 
rule therefore is this; describe a spheroid whose axis is 
parallel to the axis of the crystal, and find the point of its 
surface where the tangent plane is parallel to tne front of 
the wave ; then the motion of the wave is parallel to the 
radius of that point. 

115. The general construction for determining the path 

7—2 
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of both rays is this. In fig. 30, let the plane of the paper 
be the plane of incidence, BA' the projection of the surface of 
the crystal, AB the front of a wave moving in the direction 
AA\ Let CD be the axis of the crystal, not necessarily in 
the .plane of the paper. While a part of the wave moves 
in vacuum from A to A\ suppose that the ordinary wave 
diverging from B wiU spread into the sphere Fo, and the 
extraordinary wave into the spheroid Fe (whose axis of revo- 
lution == diameter of sphere). Through the line, of which A' 
is the projection, draw a plane touching the sphere in o; 
this plane is the front of the ordinary wave, and Bo repre- 
sents the direction and velocity of its motion. Through the 
same line draw a plane touching the spheroid in e ; this plane 
is the front' of the extraordinary wave, and Be represents 
the direction and velocity of its motion. If the axis of the 
spheroid does not lie in the plane of the paper, and is not 
perpendicular to the plane of the paper, the point e will not 
be in the plane of the paper : and thus the direction of the 
extraordinary ray will not lie in the plane of incidence. 
The demonstration of this construction is exactly similar to 
'that of (34). 

The course of ah extraordinary ray after internal reflection 
is to be found in a manner analogous to that of (32). Thus 
in fig. 30, suppose that the extraordinary wave whose front is 
A'e moves in the direction A'O and is wholly or partially 
reflected at the surface OH. When the part ^' has arrived 
at ff, suppose the part e to be at / on its way to H. Then 
when / reaches iT, the small wave caused by the disturbance 
at G will have extended into a spheroid similar and equal to 
that which must be described from the center / to pass 
through H. Let KH be this spheroid (the axis being always 
parallel to CO), andZJIf the spheroid equal to it whose center 
IS G : let HL be the tangent plane passing through the line 
projected in H. Then, as in (32), HL is the front of the 
reflected wave, and, as above, GL is the direction of the 
reflected ray. Here the angle of reflection is not generally 
equal to the angle of incidence, and the angles of incidence 
and reflection are not generally in the same plane. 

116. If we consider the extent of refraction to be deter- 
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inmed by the change in the position of the front of the wave 
(which is sometimes the most convenient way), and if the 
spheroid be oblate, as it is for Iceland spar, beryl, tourmaline, 
<S«., the extraordinary ray is always less refracted than the 
ordinary ray, since in fig. 30 the spheroid includes the sphere. 
If the spheroid be prolate, as in quartz, uniaxal apophjUite, 
&c. the extraordinary ray is always more refracted than the 
ordinary ray. The normal to the front of the wave is always 
in the plane of incidence. 

117. A compound prism which produces great angular 
separation of the two rays is thus constructed. Let a prism 
A be cut from Iceland spar with its edge parallel to the axis, 
and another prism B of equal angle with its edge perpen- 
dicular to the axis, and let them be placed as in fig. 31. 
The vibrations parallel to the plane of the paper will furnish 
the ordinary ray of A and the extraordinary ray of B] that 
is, this wave will be most refracted by A towards C, and 
least by B towards 2), and it will therefore on the whole pass 
towards (7. In a; similar manner, the wave produced by 
vibrations perpendicular to the paper will be least refracted 
by A towards C, and most refracted by B towards i>, and 
it "will therefore on the whole pass towards D. If the prisms 
be cut from quartz, the separation is in the opposite di- 
rection ; it is smaller also, as the prolate spheroid of quartz 
differs less from a sphere than the oblate spheroid of Ice- 
land spar. 

Prop. 24 To investigate the law of double refraction in 
biaxal crystals. 

118. By hiaxal crystals are meant those in which a*, J', c^, 
are all different. Our limits will not allow us to go through 
the whole of this investigation, and we shall merely give the 
principal steps, referring for details to the MSmoires de VIn~ 
stituty 1824; the Annales de Chimie, 1828; the Cambridge 
Transactions, Vol. VI. p. 85; and Mr Griffin's Theory of 
Double Befraction ; and generally to the Memoirs of the prin- 
cipal scientific societies, especially those of the Royal Irish 
Academy, to the Cambridge Mathematical Journal^ and to the 
Philosophical Magazine. 



102 UNDULATORY THEORY OF OPTICS. ' 

119. The first thing to be done, as in (108), is to find 
two directions in the front of a plane wave in which a dis- 
placement produces a force in the same direction, neglecting 
that force which is perpendicular to the front. As we shall 
only have to calculate the forces in the directions possessing 
this property, we shall at once resolve the whole force of 
displacement into two, one parallel to the direction of dis- 
placement, the other perpendicular to it (not necessarily 
perpendicular to the front of the wave), and shall neglect 
the latter. If the direction of displacement make angles 
X, y, Z^ with the axes of a:, y, «, this resolved force, as 
in (111), is 

displacement x (a* cos' X+ V cos* F+ c' cos'Z). 

Construct a surface of which the latter factor is the radius, 
which we shall call the surface of elasticity ; it is easily seen 
that the radius is the squared reciprocal of the radius in the 

ellipsoid whose axes are ~ > t j - • 

120. Make a section by the plane front of the wave 
through the center of this surface ; the radius vector of the 
section will be the square of the reciprocal of the radius 
vector in the corresponding section of the ellipsoid, that is in 
an ellipse ; and this section of the surface of elasticity will 
therefore be a curve symmetrical with respect to its greatest 
and least diameters, which are at right angles. 

121. The radius vector of this section in any direction 
represents the resolved part, in that direction, of the force 
produced by displacement in that direction, the neglected 
part being perpendicular to that direction and not necessarily 
perpendicular to the front of the wave. If now we examine 
the direction of displacement in which the neglected part is 
perpendicular to the front of the wave, it is found that the 
greatest and least diameters above alluded to are the only 
ones which satisfy this condition. Consequently the vibra- 
tions must be resolved into two, parallel respectively to these 
diameters; and these will produce the two waves. Their 
velocities will be represented by the square roots of the values 
of those semi-diameters. 
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122. In two positions of the front of the wave, and no 
more, the section becomes a circle. Whatever then is the 
direction of vibration in that front, the velocity of trans- 
mission is the same, and there is no separation of fronts of 
waves, though there may be separation into two or many 
rays. The two lines perpendicular to these circles are called 
the epttc aoces, 

123. The difference between the squares of the velocities 
of the two waves is proportional to the product of the sines 
of the two angles made by the front of the wave with the 
two circular sections, or to the product of the sines of the 
angles made by the normal to the front with the two optic 
axes. 

124. The plane of polarization of one ray bisects the 
angle made by the two planes which pass through the normal 
and the two optic axes : and the plane of polarization of the 
other is perpendicular to it. This is easilv shewn thus: 
where the front of the wave cuts the two circular sections, 
the radii in the section by the front must be equal to the 
radii of the circles, and therefore must be equal to each other, 
and therefore must make equal angles on both sides of the 
longest or shortest diameter : and therefore if the planes be 
projected on a sphere concentric with the surface of elasticity, 
the point which is the projection of the longest or shortest 
diameter will bisect one side of the spherical triangle. Con- 
struct the spherical triangle whose angles are the poles of 
those sides : then the circle drawn from the bisection to the 
pole of that side (which is the projection of one plane of 
vibration) will bisect the angle made by the sides joining 
that pole, or the pole of the front, with the optic axes, inas- 
much as those sides are equally inclined to the quadrants 
joining that pole with the two, angles of the first triangle 
where the front of the wave meets the circular sections. 

125. The form into which the wave must be supposed to 
diverge is determined as in (113), by finding the forms of the 
surfaces where the perpendicular to the tangent plane is pro- 
portional to one of the velocities found in (121). After a very 
troublesome algebraical process it is found that the equation 
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expressing the two surfaces (which are in fact one continuous 
surface) is 

(a?* + / + ;8»)(aV + 5y-f cV)-a'(J« + c')a^ 

This cannot be resolved into factors, and therefore cannot 
express a sphere and any other surface, as in (111) and (113). 
Consequently neither of the rays is subject to the law of 
ordinary refraction. This conclusion might also have been 
drawn from the observation that neither of the velocities 
found in (121) is constant. The direction, &c. of the two 
rays when light is incident on a surface of the crystal are 
found exactly as in (114), using the surface above mentioned 
instead of tlie sphere and spheroid, and finding the two posi- 
tions of the tangent plane passing through the line projected 
in A\ fig. 30. 

.The properties of this wave-surface are however so im- 
portant, and one of the deductions from them so singular, 
that we shall devote some subordinate articles to a statement 
of them, referring for complete discussion to the Transactions 
of the Royal Irish Academy ^ Vol. XVII. 

125 (a). If in the equation above we make 2 = 0, we find 
for the section in the plane of xy 

(iK' + y')(«V + J'2/*)-c*(aV + yy*)-a»J»(a?+3^>) + a»JV=0; 

or (a^ + y"-c'^)(aV + jy-a'J*) = 0. 

That is, the curve of intersection of the plane of 3cy with the 
surface is in fact two separate curves: one a circle whose 
radius is c, the other an ellipse whose semi-axes are a and b. 
In like manner, the curves of intersection with yz will be, 
a circle whose radius is a, and an ellipse whose semi-axes 
are b and c : and the curves of intersection with xz will be, 
a circle whose radius is b, and an ellipse whose semi- axes 
are a and c. 

125 (J). Suppose now that a is greater than ft, and b 
greater than c. Then, on the plane y«, the circle of radius a 
will completely inclose without touching the ellipse of semi- 
axes b and ; and, on the plane xy^ the ellipse of semi-axes 
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a and b will completely inclose without touching the circle of 
radius c. But on the plane xz, the ellipse of semi-axes a and 
c will cut the circle of radius b at four points* These propo- 
sitions are due to FresneL 

125 (c). When the nature of the wave-surface is ex- 
amined with particular reference to these four points (which 
was first done by Sir W. R. Hamilton) it is found that, as 
viewed from the outside, there are four conical depressions; 
and, as viewed from the inside or center, there are four cones 
projecting towards the outside. The surface, in fact, consists 
of two quasi-ellipsoidal sheets or surfaces, one completely in- 
closed within the other; but at these four points, the mner 
surface is drawn outwards, and the outer surface drawn in- 
wards, so as to establish a connexion between the two sur- 
faces. 

125 {d). On examining thd nature of the ring (very 
nearly circular) which forms the external base of any one of 
the depressed cones, it is found that it is in one plane : that, 
in fact, at that part, a tangent-plane touches the external sur- 
face in a ring ; and that the plane of the ring and tangent is 
parallel to one of the circular sections in (122). 

125 {e). Remarking then the construction for determining 
the course of a refracted ray in (114) and (115), it will be 
seen that, if a wave of light enter the crystal with its front 
normal to the optic axis, or parallel to the circular sections of 
the surface of elasticity (122), or parallel to the tangent-plane 
of the conical depression ; its front will continue parallel to 
that tangent-plane ; and the direction of the ray will be the 
direction of a line from the center of the wave-surface to some • 
point of the tangent-ring. At first, there appears to be no 
reason why the course of the lay should select one point of 
the ring rather than another; this is determined by the fol- 
lowing consideration. 

125 (/). A construction similar to that of (124) deter- 
mines the plane of polarization of the ray. It seems that*, 

* For a ray which falls txacUy in any part of the ring, the wave-front in 
excuitly normal to the optio axis. But fur a ray which falls by the smallest 
quantity external (for instanoe) to the rlDg, the front of the wave is inclined as. 
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in this case, (in which the construction of (124) fails), the 
plane of polarization is thns determined: Draw one plane 
through tae ray and through one optic axis, and draw an- 
other plane through the ray and through the other optic axis; 
and tne plane of polarization bisects the angle formed by 
these two planes. To one plane of polarization thus deter- 
mined, there corresponds only one ray. Consequently, if 
polarized light be incident, only one ray is formed: but if 
Common light be incident (which, not improbably, consists 
of successive series of waves polarized in every conceivable 
plane), rays will be formed directed to every point of the ring, 
each ray having the polarization proper to its point of the 
ring ; and a conical sheet of light will be formed within the 
crystal. On emerging at a plane surface parallel to the sur- 
face of entrance, the emergent rays will be parallel to the 
first incident ray; and a cylindrical sheet of light will be 
formed in air, still preserving in every part its peculiar polar- 
ization. 

125 {g). This very singular result of the theory of undu- 
lations* has been verified by Dr H. Lloyd, as regards both 
the distribution of light and its polarization. And the agree- 
ment of the prediction and the observation is undoubtedly 
one of the most remarkable proofs of the general correctness 
of the considerations by which the laws of double re&action 
are determined. 

1 25 (A). If a ray of light, consisting of light polarized in 
difierent planes, be made to pass through the crystal in the 
direction of the line from the center of the wave-surface to the 
-vertex of the cones (which will be done by permitting light 
from all directions to fall upon the crystal, and limiting its 
course through the crystal by plates with very small holes on 
its opposite sides), each diJ9Ferently polarized beam will re- 

from the center of the ring. Applying this consideration to the constraction 
of (124) ; and remarking that the intersection of the front of the wave with the 
nearest circular section will be determined by bisecting the space between those 
two intersections ; it is easily seen that the rotation of the plane of polarization 
is half as rapid as the rotation of the intersection with the near circular section ; 
that is, half as rapid as the revolution of the ray round the ring. This amounta 
nearly to the construction in the text. 
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ceive a different refraction at the second surface, and an ex- 
temal conical sheet of light will be formed. This also ia 
verified by experiment . 

*125. Before leaving this investigation we must remark 
that this theory is imperfect in the same degree as the ex- 
planation of refraction. In every uniaxal crystal, we believe, 
the axis is the same for all the colours, but the ratio of a to c 
is not the same for different colours. In biaxal crystals gene- 
rally the direction of the three axes is the same for different 
colours, but the ratio of a, ft, c, is not the same, and con- 
sequently the position of the optic axes (122) is not the same 
for different colours, though the optic axes for all colours are 
in the same plane. And it has been discovered by Sir John 
Herschel that the direction of the three axes is in some in- 
stances different for different colours, and then the optic axes 
for different colours are not all in the same plane. 

Prop. 25. Light polarized in the plane of incidence falls 
on a refracting surface of glass, &c.: to find the intensity of 
the reflected and the refracted ray. 

126. The three next investigations which we offer to the 
reader cannot be considered as wholly satisfactory. The ex- 
treme difficulty of mathematical investigation into the state of 
particles at the confines of two media prevents us from mak- 
ing them more complete. It is however gratifying to know 
that they are fully supported by experiment, and that they 
have given a law to phaenomena, of which some appeared in- 
explicable, and others would never have been reduced to laws 
by observation alone. 

127. Suppose that the particles of ether, retaining the 
same attractive forcet, are in the inside of glass, &c. loaded 
with some matter which increases their inertia in the ratio 
of 1 : n, without increasing their attraction. The equation of 
(103) would be changed to this : 

d'tt _ 1 /i 1 \ «i d^u 
■3?"^wV 2»/ A*^'* 

i* Perhaps this sappoBition is hardly reconoileable with that made in the 
last propositioD. 
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If the solution before were w = ^ (v^ — a;), the solution would 
now be 

The velocity of transmission is diminished therefore In the 
ratio of VW • !• But we have supposed that the velocity 
is diminished in the ratio of fi: 1. Consequently n = /A^ 

128, Now suppose that we have a series of equal quanti- 
ties of the ether in a line, and that a transverse motion is 
given to the first, which, from the constitution described in 
(103) it has the power of transmitting to the second, &c. 
When we arrive at the surface of the glass, we must take 
volumes of the denser ether, whose dimensions are determined 
in the direction of the transmission of the wave by lengths 
proportional to the velocity of transmission, and in the other 
directions by their correspondence with the quantity of ether 

which puts them in motion. Thus in fig. 32, i{ DF= , 

the ether in ABDG may be considered as putting CDFJEin 
motion. Put i for the angle of incidence, t for that of refrac- 
tion. The proportion of the lengths in the direction of the 
ray is /a : 1, or sin i : sin H. The proportion of the breadths 
is cos i : cos i. The proportion of densities is 1 : /a*, or 
sin* / : sin' i. Combining these proportions, the proportion of 
the masses is 



sin i' . cos i : sin i . cos H. 



Now if an elastic body impinges on an equal elastic body, it 
loses its own velocity and communicates to the other a velo- 
city equal to its own: this is similar to the action of one mass 
of the ether in vacuum on the next. Supposing the simila- 
rity of action to apply to the difierent states of ether at the 
confines at the medium, we must compare this with the mo- 
tion of two unequal elastic bodies -4 and B after the impact of 
A with the velocity F on -B originally at rest. It is known 

A — B 
that A retains the velocity -^ ^ ^> ^^d that B receives the 

2A 
velocity a ,t^ V* Substituting for -4, sin %'. cos i, and for B, 
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Sid t . COS I, we find for the motion retained by the external 

ether, —, — . .. .{ x its previous motion ; and for that commu- 
sm {t -f t) ^ 

nicated to the internal ether, —, — r-^ — ^r- x previous motion of 

sm (* + 1) ^ 

external ether. Now hj a succession of numerous impulses of 

this kind, following a given law, a series of waves with any 

law of displacement may be produced: and every impulse 

produces parts in the two media having the proportions given 

above. If then the original displacement be represented by. 

. f27r 



asm- 



X 



{vt - x)[ , 



that retained by the external ether, and which produces the 
reflected ray, must be 



a ^" ;\ , V. sin \-^ {vt-xny 
Bin (t + *) (X J 



and that transmitted to the internal ether, and which produces 
the refracted tay, must be 

2 sin i'. cost* . f 27r , . J 

These formulae apply equally to refraction from air into glass, 
and from glass into air, giving i and t their proper values. 
The intensities of the rays will be represented by the squares 
of the coefficients. 

Prop. 26. Light polarized perpendicular to the plane of 
incidence falls on a refracting surface : to find the intensity of 
the reflected and the refracted ray. 

129. We cannot here use the same kind of reasoning as 
in (128), because the motion of displacement (being in the 
plane of incidence and perpendicular to the path of the ray) is 
not in the same direction for any two of the three rays. To 
Overcome this difficulty, M. Fresnel has adopted the following 
hypotheses. First he supposes that the law of vis viva holds: 
tblit is, that the sum of the products of each mass by the square 
of its velocity is constant. (This is certainly true if as in 
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t 



(128) masses are supposed to act nearly as elastic bodies. 
And in all cases of mechanical action it is equal to the sum of 
all the integrals of force x space through which it has actedy 
which is constant in all the cases of undulation that we can 
strictly examine, and is probably constant in this.) Next he 
supposes that the resolved parts of the motion perpendicular 
to the refracting surface will preserve after leaving the surface 
the same relation which they have there, and which, if they 
follow the same laws as those of the impact of elastic bodies, 
would be thus connected: the relative motions before and 
after impact will be equal in magnitude but opposite in sign. 
(This is confessed by M. Fresnel to be purely empirical.) 
Adopting these hypotheses, and considering the masses to 
be as 

sin t" . cos i : sin * . cos i'; 

and representing the displacements in the incident, refracted, 
and reflected ray, (estimated positive in that direction per- 
pendicular to their respective rays which is nearest to that 
of a body falling perpendicularly from vacuum on the re- 
fracting surface,) by a, b, c; we have the following equa- 
tions : 

sin i ' . cos i.a^ = sin i . cos i' , V -f sin % . cos %.<?- 

a cos i = J cos i* -f c cos i. 
Eliminating J, 

(sin 2i' + sin 2V) (? — 2 sin 2t . oc — (sin 2i' — sin 2^ ) a* = 0, 

or (c — a) {(sin 2i' + sin 2i) c + (sin 2i' — sin 2i) a] = 0. 

This equation is satisfied by c = a: but that would give 
J = 0, and therefore expresses only total reflection, wliich 
would require exactly the same mathematical conditions as 
those that we have used, but would not correspond to the 
physical circumstances of the problem now before us. The 
other is the only solution which we want : it gives 

_ tan {% — i) 
tan {%' + i)' 

, , cos i L tan (i' — iX 

and J = a 77 U +- T^rrr-^'K 

cos t [ tan [t ■\- 1) 
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Hence if the displacement produced by the incident wave is 

'27r 



that produced by the reflected wave is 



a sin 



tan (^ ' — i) . 
tan(t +t) 

and that by the refracted wave is 






cos ^ 
a 



tan (t — {)] . f27r , , . ] 

1 -f - — ;.. . : - sin -^-^ {vt — /Lta?) S . 



cosi' I tSLn(i' + i)^ 



~ V«^«' A**«-7 ( 



130. One of the most remarkable inferences from this 
expression is obtained by making i' + i = 90®. The displace- 
ment produced by the reflected wave is then = 0. Suppose 
now light consisting of transversal vibrations in all directions 
to be incident at this angle on a surface of glass. Resolve 
the vibrations into two sets, one parallel to the plane of in- 
cidence and the other perpendicular to it. The former (as 
we have just seen) will furnish no reflected ray: the latter, 
by (128), will produce a reflected ray. Consequently the 
reflected light will consist solely of vibrations perpendicular 
to the plane of reflection. The condition i' + ^ = 90 gives 



sint 



sin t" = cos i, or = cos t, whence tan i = u : 

which (95) defines the polarizing angle. Thus the angle of 
incidence at which, according to theoiy, the vibrations of the 
reflected ray are entirely perpendicular to the plane of in- 
cidence, is the same as the angle at which, in experiment, 
the reflected ray is entirely polarized in the plane of inci- 
dence. And we have found from theory in (111) that the 
ray of a uniaxal crystal which undergoes the ordinary refrac- 
tion, and which (94) is said to be polarized in the principal 
plane, is produced by vibrations perpendicular to the prin- 
cipal plane. These are two reasons which induce us to say, 
as in (100), that light polarized in a particular plane consists 
of vibrations perpendicular to that plane. 

131. Another remarkable inference is this. If the two 
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surfaces of a glass plate are parallel, i and % at the second 
surface are the same as i' and i at the first. Consequently, 
if the light reflected from the first surface is polarized, or if 
i + 1 at the first surface = 90®, i -f i' at the second surface 
also =90*, and therefore the light reflected internally from 
the second surface is also polarized. * This is true in experi- 
ment. 

Many investigations applying to these problems are to "be 
found in the Cambridge Transactions and other Transactions^ 
the Philosophical Magazine, and the Comptes Rendus of the 
French Academy. 

Prop. 27. Light polarized in a plane inclined by the 
angle a *to the plane of incidence falls on the surface of a 
refracting medium : to find the position of the plane of polar- 
ization of the reflected light 

132. The displacement of a particle of ether before inci- 
dence may be represented by 

asm 4-r- {vt --X) ' 

in the direction making with the plane of incidence an angle 
(90' - a) : 

and this may be resolved into 

acosa.sin-^— (v^ — a?)}- 

perpendicular to the plane of incidence, 

and a sin a . sin \— {vt — x) [ 

parallel to the plane of incidence. And these expressions 
will apply to the reflected ray, giving x the same alteration 
in both, and altering the coefficients in the ratios determined 
in (128) and (129). Hence we shall have after reflection, 

Displacement perpendicular to the plane of incidence 



sm (^ — iT . 
a cos a — — ;., . .; sm 
sm {% + %) 



^(t;«-a.)}. 



RBWP9HpnBHK 
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Displacement parallel to the plane of incidence 

tan (^ ' — i) . 

— a sin a- — )./ . /, sm 
tan [i + ^) 

Since these are in the same ratio whatever be the value of a?, 
it follows that the displacement compounded of these is en- 
tirely in one plane, and therefore the. reflected light is polar- 
ized. And if /8 is the angle at which the new plane of polar- 
ization is inclined to the plane of incidence, or 90P — /8 the 
angle at which the new direction of vibration is inclined to 
the plan§ of incidence, we have 

sm (t — «) 

cot /3 = . \it .V = - cot a — ;., . .: , 

tan (^ — t) cos i% +i) 

-asina- — ;., , .; "^ ' 

tan {i +t) 

cos (i* -l- i^ 

or tan i8 = -- tan a 7-n — rr. 

cos (i — I) 

When t and t are both small, yS and a have different signs : 
this shews that the planes of polarization before and after 
reflection are inclined* on opposite sides of the plane of in- 
cidence. If z -fc t = 90°, that is, if the angle of incidence is 
the polarizing angle, )8 = 0, or the plane of polarization of the 
reflected ray coincides with the plane of incidence : and if i 
be further increased, y8 and a have the same signs. These 
results have been verified by numerous observations and care- 
ful measures of M. Arago and Sir David Brewster. 

Prop. 28. Light is incident on the internal surface of 
glass at an angle equal to or greater than that of total reflec- 
tion ; to find the intensity and nature of the reflected ray. 

133. The expressions in (128) and (129) become, impos- 
sible. Yet there is a reflected ray, whatever be the nature 
of the vibrations in the incident light. And on the principle 
of vi8 viva the intensity of the reflected ray ought to be equal 
to that of the incident ray, since there is no refracted ray to 

* The inclinatioDS are considered to be on the same side when (supposiDg 
for facility of coDception the angle of incidence to be considerable) the upper, 
parts of both planes are on the same side of the plane of incideuce. 

8 
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consame a part of the vis viva. And indeed in the last state 
of the expressions of (128) and (129) before becoming impos- 
sible, that is wjien i'= 90^ each of them becomes = 1. After 
this the expression for the coefficient of vibrations perpen- 
dicular to tne plane of incidence {putting fi sin i for sin i\ 
and V(— 1) •*/(/** sin' * — l) for cost'} becomes 

/i sin t . cos i — sin tV(— 1) fs/jfi^ sin' i — 1) 
/i sin * . cos I + sin tV(— 1) V(a** sin' i— 1) ' 

or cos 20 - V(- 1) sin 20, 

where tan = — ^^- ;— ^ , 

fi cos I 

and that for the coefficient of vibrations parallel to the plane 
of incidence becomes 

sin t . cos t — fi sin tV(— 1) V(a^* sin' i— 1) 
sini.cost4-ftsiniV(— 1) Vl/^^sin't— 1} ' 

or cos 2^ — V(— 1) sin 2^, 

where tan^ = ^^^'^'°!*-^) . 
^ cost 

It is improbable that these formulae are entirely without mean- 
ing : wnat can their meaning be ? 

134. M. Fresnel seems to have considered that as the di- 
rection of the reflected ray and the nature and intensity of the 
vibration were already established, there remained but one 
element which could be affected, namely, the phase of vibra- 
tion. And it seems not improbable that this may be affected, 
inasmuch as the incident vibration, though it cannot cause a 
refracted ray, must necessarily cause an agitation among the 
particles of the ether outside the glass. It would seem to us 
most likely that the ray would be retarded (though the phe- 
nomena to be hereafter described compel us to admit that it is 
accelerated) : and in all probability differently according to the 
direction in which the vibrations take place. Nothing then 
seems more likely than that 20 and 2^ should express these 
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accelerations*: and as they are angles, thqr must be com- 
bined with the angles in the expression tor the vibration. 
Thus for instance, tf 

asm •!— {vt — a?)f 

were the expression for the vibrations perpendicular to the 
plane of incidence on the supposition that they were not 
accelerated, 



asinj-^ (v^-«^) + 2^|• 



would be the expression on the supposition that they were 
accelerated. 

135. The only thing which concerns us experimentally 
is the difference 2^ — 20 (whcih we shall call 5) of the accele- 
rations, for vibrations perpendicular to and parallel to the 
plane of incidence. Now 

^^ ' /ism't 

wiienceco8 6-j^^,^^_^^ (l+^»)8m»»-l 

* M. Fresners reasoning is of this kind. In several geometrical cases, the 
ooeurrence of an imaginary quantity indicates a change of 90^ in the position 
of the line whose len^h is multiplied by V - ^* It is probable then that here 
the multiplication by V( ~ ^) denotes that the phase of the vibration which it 
affects is to be altered (suppose increased) by ^0^. Thus the expression 

{<iOB20+y/(-l)a3i^0).mji\^{vt''X)l 
k to be interpreted as signifying 

cos2tf . sin |y (t;<-a;)| +rin2^. sin Iy (t-*-*) +W| , 
or 008 20. sin j^ (^-«)[+8"^20«<^o* j-jT («*-«)(* 

or sin|Y(«<-«)+^' 
And similarly for the other. 

8-2 
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It appears from this expression that S = when sin i = — , or 
when sin « = 1 : and that Z is greatest when 

•. • • ^ 

sm % = 



l + M*" 
the value of cos S being then 

If we assume i = 45^ we have this equation : 

2/^ .- ^ 

(I 4- fj?) cosec* i — cosec* t ~ ^ ' 

the solution of which, supposing /Lt = 1,51, gives 

t=:48\37'.30", or 54'. 37'. 20". 

If then light be incident internally on the surface of crown 
glass at either of these angles, the phase of the vibrations in 
the plane of incidence is accelerated more than that of the vi- 
brations perpendicular to the plane of incidence by 45^ If 
the light DC twice reflected in the same circumstances and with 
the same plane of reflection, the phase of vibrations in the 
plane of incidence is more accelerated than that of the other 
vibrations by 90^ 

136, If then we construct a rhomb of glass, fig. 33, 
two of whose sides are parallel to the plane of the paper, 
and the others perpendicular to the paper and projected in 
the lines AB^ BGy CD, DA ; and if the angles at A and G 
are 54^.37': then light incident perpendicular to the end 
at F will be internally reflected at Q and IT, making at 
those points angles of incidence 54®. 37', and will emerge at 
/ in the direction parallel to that in which it entered at F. 
The immersion at F and the emersion at / will produce no 
alteration in the light, but the effect of the two reflections 
at G and H will be to accelerate the phases of vibration 
in the plane of the paper more than those perpendicular to 
tliat plane by 90®. A rhomb thus constructed we shall call 
FreaneFs rhombs 
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Prop. 29. Polarized light is internally reflected In a 
refracting tnedinm at an angle of incidence greater than that 
necessary for total reflection : to find the nature of the re 
fleeted ray. 

137. Let the plane ofpolarization make with the plane 
of incidence the angle a* Then the vibration, represented by 

asin j— (vt--x)[^ 

is performed in a direction making the angle 90® — a with the 
plane of incidence. Consequently the resolved vibrations are 

tt cos a . sin ] ^ (v^ — «) r 
perpendicular to the plane of incidence, and 



asina.sin -I— (v^ — a;)^ 



parallel to the plane of incidence. The latter of these, by 
(135), is more accelerated than the former by S. Kthen after 
reflection we use 



a cos a • sin ]"V" (^^ "" ^) f 



to express the vibration perpendicular to the plane of inci- 
dence, we must take 

a sin a . sin •] — (v^ — a?) + S j- 

for the vibration parallel to the plane of incidence. The 
same expression holds if the light is internally reflected any 
number of times, (the planes of incidence being always the 
same,) if we take care to give the proper value to 8. 

138. Now let us examine the motions of a particle of 
ether in the 'reflected pencil. We will take y for the ordi- 
nate in the plane of reflection, and z for that perpendicular 
to it, both measured from the place of rest of the particle, 
in the plane transverse to the direction of the reflected ray. 
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(1) Let a = 45*, and 8 = 90*. (This represents the case 
of Fresnel's rhomb when the plane of polarization is 
inclined 45^ to that of reflection). Here 

y = aVi«cos]— (v^ — a?)L 0=aVi*sin]-r- (v^ — a?)f> 

a' 

and y"+«" = -. 

That is, every particle describes a circle whose radins 
a 

(2) Let a have any value, 8 being = 90". (This is the 
general case of FresneFs rhomb). Here 

y s= a sin a . cos -j-r- (t?^ — a?) f , 
z=:a cos a . sin -I— {vt — a?) f , 

and a -a + 2 a = ^' 
a sm Of a cos a 

That is, every particle describes an ellipse, whose 
semi-axes are a sin a parallel to the plane of reflec- 
tion^ and a cos a perpendicular to that plane. 

(3) Li the general case, a and S having any values, 

y = a sin a sin X— (i;^ — a;) j- cos 8 



+ cos \— (t?^ — a) J- sin 8 , 



and = a cos a . sin ■<— (t?^ — a?) L 

2'n* z 

Hence sin — {vt — a?) = 



X ^ ^ acosa 



I i w j II iw iL I II I ^^^m^m^^^^mmmmafmBfwmmmammf^ 
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and (y — tan a . cos S . s)* 

= a' sin' a . sin' S . cos* <— {vt — xn 

s=a'.sln'a.sin*S 1 — sin' •!— (vi — a?)!- 

= a' sin' a . sin' 8 — tan' a . sin' S . «' : 

the equation to an ellipse whose axes are inclined to 
the* plane of reflection. 

(4) If we compare the expressions for y and z in the first 
case with the equations to a circular helix {t being 
considered constant), we find that they exactly co- 
incide. That is, a series of particles which were 
originally in a straight line, will be at any subse- 
quent time in the form of a circular helix. In the 
other cases, the position of the particles will be what 
may by analogy be called an elliptic helix. 

(5) For all values of S, if a = 0, or if a := 90', the re- 
flected light has the same polarization as the incident 
light. 

139. The nature of the light 'in the reflected ray may 
then be generally expressed by saying that it is elliptically 
polarized: and in the first case by saying that it is circularly 
polarized. Wherever after this we speak of common polar- 
ized light we shall for the sake of distinction call it plane-' 
polarized light. From the investigation of the second case it 
appears that Fresnel's rhomb, by proper adjustment of posi- 
tion with respect to the plane of polarization, is capable of 
producing elliptically polarized light of every degree of ellip- 
ticity. We will therefore suppose that the circularly or ellip- 
tically polarized light is produced by Fresnel's rhomb*. For 
use, it IS convenient to have it mounted in a frame which, 
without stopping the light, admits of its turning round the 
axis HI, fig. 33 : this frame may be placed on the board in 

* We shall hereafter mention another contrivance which prodaces nearly 
but not exactly the same effect, and which hai been used more extensively than 
Fresnel's rhomb. 
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fig. 24 : then the light plane-polarized by A is by the rhomb 
converted into circularly or elliptically polarized light, and 
emerges from the end jD (7 opposite to the analyzing plate B 
in fig. 24. If the mounting be graduated so as to determine 
the angle made by the plane of polarization with the plane of 
reflection, then when this angle is 0, 90®, 180", 270®, the plane- 
polarized light is not altered : when it is 45®, 135®, 225®, 315®, 
the emergent light is circularly polarized : when it has any 
other value, the light is elliptically polarized. 

140. Now it is evident that circularly polarized light 
may be rfesolved into two vibrations parallel and perpen- 
dicular to any arbitrary plane, and that the magnitudes of 
these vibrations are always the same. Consequently this 
light, when examined only by the analyzing plate B, shews 
no sign of polarization (97), (99), &c. This is experimentally 
true. But if elliptically polarized light is resolved in the 
same way, though neither of the resolved parts ever vanishes, 
yet their magnitudes vary : and therefore when examined 
with the analyzing plate it will appear to be partially po- 
larized. This is also true. 

141. Between two kinds of circularly polarized light 
there is an important distinction which we have not yet 
pointed out. We have seen that if a = 45® in Fresnel's 
rhomb, the light is circularly polarized : it is also circularly 
polarized if a = — 45®. For in the latter case 



y =- a Vi cos |-~ (t?^ - a;)| , 



« = a Vi sin 



-~{vt-x)\, 



and therefore y* + ^* ~ 9* • 

The difference consists in the difference of direction of each 
particle's motion. In the former case, 

z f27r 



-sstan 

y 



^ {vt-x) 



«RiV^na«nqr^r$apa«'«^P>"'*«4V«'*B"cr'""w*IW««n«wHiaOTn«van)i^i^r'qn^>*i^ 
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in the latter 



- = — tan 

y 



^{vt-x) 



If we suppose tlie plane of reflection vertical, y measured 
upwards, and z to the right hand (looking in the direction of 
the wave's motion), then in the former case the revolution 
will be in the same direction as that of the hands of a watch, 
and in the latter case in the opposite direction. In the former 
case the expressions shew that the particles which were ori- 
ginally in a straight line will be at any time arranged as in 
a left-handed spiral ; in the latter case, as in a right-handed 
spiral. A similar distinction exists between two kinds of 
elliptical polarization. 

142. One of the most remarkable proofs of the correct- 
ness of the theory is this ; if a second Fresnel's rhomb be 
placed to receive the light coming from the first, and if its 
position be similar, the emergent light is plane-polarized, but 
the new plane of polarization is inclined 2a to the former 
plane of polarization. The theoretical explanation is this ; 
the vibrations in the plane of incidence are accelerated 90* 
by the first rhomb and 90® again by the second rhomb, more 
tnan those perpendicular to the plane of incidence. Conse- 
quently [taking up the investigation of (137)}, the vibration 
perpendicular to the plane of incidence being 

a cos a . sm 4— {vt — a?) f , 

that parallel to the plane will be 

{277- 
— (vt — a?) + 180* 

or — a sin a • sin ]-=- (^* "" ^) r • 

As these are always in the same proportion, the vibration is 
entirely in one plane, or the light is plane-polarized. But as 
the tangent of the angle made with the plane of reflection 
is — tan a, instead of tan a, which was its value before inci- 
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dence, the plane of polarization is inclined on the side of the 
plane of renection opposite to that on which it was before, and 
bj the same angle ; the change of position therefore is 2a. 

If the second rhomb is placed in a position 90* different 
from that of the first, the emergent light is similar to the in- 
cident light. For, the vibrations which were most accelerated 
by the first rhomb are least accelerated by the second rhomb, 
and vice verad^ so that the relation of their phases is not 
altered. 

143. It is remarkable that in the only other case of re- 
flection unaccompanied by refraction whose laws are well 
known to us, namely reflection at the surfaces of metals, the 
reflected ray appears to possess properties similar to those of 
light totalljr reflected within glass: if the incident light is 

f)lane-polanzed, the reflected light is in fact elliptically po- 
arizea, and the difference of the phases varies with the angle 
of incidence. It is not however certain that we can refer the 
physical explanation to the same principles : all that we can 
seem able to conclilde from it is that the reflection from me- 
tallic surfaces is not strictly analogous to the reflection of 
sound fi:om a wall, but has a closer relation to reflection firom 
a surface terminating a dense medium*. Whether any ex- 

* It appears from Sir David Brewster's experiments that, in reflection from 
metals, the proportion of the vibrations parallel to the plane of reflection in the 
reflected ray to those in the incident ray, is less than the proportion of the 
vibrations perpendicular to the plane of reflection in the reflected ray to those 
in the incident ray. Consequently, after a great number of reflections from 
metallic surfaces, the reflections being all performed in the same plane, the 
vibrations paraUel to that plane are diminished in a rapidly-decreasing geome- 
trical series, and are soon insensible, and therefore the light appears to be polar- 
ized in the plane of reflection. This happens with a much smaller number of 
reflections from steel than from silver. It appears also that the alteration of 
phases of the two sets of vibrations is somewhat different for different metals, 
and different at different angles of incidence ; beginning to be sensible at the 
incidence 40^ nearly, and amoimting at its maximum (which it has at an inci- 
dence of nearly 70®) to about 90® ; perhaps to more, but Sir D. Brewster's state- 
ments leave it doubtfuL . It is also doubtful whether the phase of the vibrations 
parallel to the plane of incidence is accelerated or retarded. See Brewster on 
Elliptic Polarization, Phil. Trans. 1830. The nature of elliptically-polarized light 
had been sufficientiy indicated in a few words by Fresnel, and the merit of this 
valuable paper consists entirely in shewing that the reflection of polarized Ught 
at a metallic surface produces light of that kind. The result of these laws, on 
the principles of the text, may be thus stated. If the incident vibration per* 
pe&dioular to the plane of incidence is a,Ka{vt-x+A) i the multiplier of the 
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planation could be founded on the supposition that the ether 
is absolutely terminated at the reflecting surface, or that the 
ether within the metal is in a rarer state than that external 
to it, is a point that has not been examined. 



ON THE COLOURED RINGS PRODUCED BY INTERPOSING A 

CRYSTALLINE BODY BETWEEN A POLARIZING PLATE 

AND AN ANALYZING PLATE, 

144. In (97) we have mentioned as one of the funda- 
mental facts of polarization that if the planes of reflection of 
A and B in fig. 24 are at right angles to each other, the 
angles of incidence at both being the polarizing angles, the 
light reflected from A is incapable of being again reflected 
from B. If the eye be placed near B so as to observe the 
image of A, a very dark spot is seen at its center, and the 
whole image, though not quite so black as the central spot, 
is very obscure. 

145. Now if we interpose between A and B a plate which 

Eossesses double refraction, the image of A is generally seen 
right, but sometimes crossed by one or more dark brushes, 
and sometimes by rings of circular or more complicated 
figure, richly coloured. On inclining the plane of the in- 
terposed plate, the rings generally shift their places and are 
succeeded by others ; shewing that the peculiar arrangement 
of colours and brushes depends on the relation of the direc- 
tion of the rays to some nxed lines in the interposed plate. 
There are few substances which when interposed present 
exactly the same phsenomena, but nearly all exhibit appear- 
ances of the same general character : gorgeous colours, arrayed 
in symmetrical forms, generally shifting with every change in 
the position of the interposed plate, and always altering as B 

coefficient in the reflected rayp: the corresponding quantities for tiie other 
vibration h .Bm{vt-x+B) and q : and the acceleration of the latter 8 : then 
after n reflections the yibration perpendicular to the plane of incidence is 

a.p'^.mja.(vt-x-^A), 

and that parallel to the plane of incidenoe 

h , q^ , sm{vt - x+ £ +nS)» 
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is turned round its spindle. This class of phaenomena Is far 
the most splendid in Optics. 

146. The interposition of a niece of common glass pro- 
duces no effect. And even a doubly refracting substance 
produces no effect, if it be placed to receive the light either 
before it is polarized at -4, or after it is analyzed at B. It 
seems therefore that a doubly refracting substance has gene- 
rally the power of altering polarized light, in such a manner 
that the light, either from losing the character of polariza- 
tion, or from a change in the plane of polarization, acquires 
according to certain complicatea laws the capability of reflec- 
tion. It appears however that it exerts no influence on com- 
mon light which makes it incapable of polarization as usual, 
and that it does not alter polarized light so as to produce any 
alteration in the impression made on the eye unless it is sub- 
sequently analyzed. 

Prop. 30. To explain generally the origin of the co- 
loured rings. 

147. ' The general explanation may be given thus. From 
experience*, as well from the theory of (106) &c., it appears 
that, whatever be the nature of light incident on a doubly 
refracting crystal, the two rays which it produces are polar- 
ized, one in one plane, and the other in the plane perpen- 
dicular to the former. That is, the vibrations of the mci- 
dent ray are resolved into two sets, one in one direction 
and the other in the direction perpendicular to that, which 
produce waves that describe different paths ; and one of these 
forms the Ordinary ray and the other the Extraordinary 
ray. And from the theory of (108) it appears that these 
two sets of waves will pass through the crystal with different 
velocities, and therefore on coming out of the crystal will 
be in different phases. Their union therefore will produce 
a kind of light not necessarily plane-polarized, or not neces- 
sarily polarized in the same plane as before passing through 
the crystal : and therefore their capability of reflection at the 

* Quartz is the only weH-establiahed exception to this rale. It appeara 
tliat neither the ordinary nor the extraordinary ray of quartz is strictly planQ- 
polarized. 
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analyzing plate is, generally, restored. But, as the positions 
of the two planes of polarization, as well as the difference 
of velocity of the two rays, will depend npon the direction 
of the paths through the crystal, the nature of the light 
produced by the union of the two emergent streams will 
vary as the directions vary ; and consequently the intensity 
j of the light coming to the eye after analyzation will vary 

with the direction of the ray. Thus bright patches or curves 
of different intensity will be seen. The difference of phases, 
it may be easily conceived, is generally a function of \, 
and thus the form or size of the curves may be different 
for differently coloured light. From the mixture of these 
differently sized and differently coloured curves, curves will 
be produced in which the mixture of colours is different 
at almost every points as in the fringes of interference and 
in Newton's rings. 

148. We have supposed here that neither plane of polar- 
ization of the rays in the crystal coincides with the plane of 
polarization of the light reflected from A. But conceive 
that in one direction of the ray, the plane of polarization , 
of the ordinary ray coincides with the plane of polarization 
of light reflected from A. In that case the light reflected 
from A will produce in the crystal only the ordinary ray, 
(92) and (95), and consequently the crystalline separation 
of the rays is of no consequence, because only one of the 
rays exists. The ordinary ray emerges therefore from the 
crystal just as it entered, unmixed with any other ray, and 
therefore falls upon B in the same state as if it had not 
passed through the crystalline plate, and therefore, is not 
reflected. The same would be true, mutatis mutandis, if for 
another direction of the ray the plane of polarization of the 
extraordinary ray in the crystal coincided with the plane of 
polarization of light reflected from A. Thus if we deter- 
mine all the directions of rays in which the plane of polar- 
ization of either the ordinary or the extraordinary ray co-^ 
incides with the plane of reflection from A, the rays passing 
in those directions will not be capable of reflection from -B, 
and the appearance presented to the eye by the rays pass- 
ing in all these directions will be that of one or more black 
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lines not necessarily straight, cutting the colourecl curves 
before mentioned. 

149. If ^ be turned round its spindle till its plane of 
reflection coincides with that of -4, the positions determined 
by the conditions of (148) will define the directions in which 
the light is most highly susceptible of reflection from S^ 
and therefore one or more bright lines will be seen cutting 
the curves. If B be turned to any intermediate position^ 
it will be found in the same way that the directions of 
rays, which make the plane of polarization of either the 
ordinary or the extraordinary ray to coincide with the plane 
of reflection, either at A or at B^ determine the form of 
lines which cut all the rings, and in which the intensity 
of light is uniformly the same as if the crystal were not in- 
terposed. 

These particular cases are pointed out merely as mat- 
ters of interest in the general explanation. The determi- 
nation of the form of the uncoloured curves will be included 
in the general investigation of the intensity of light reflected 
in all directions from B. 

Prop. 31. A plate of Iceland spar (or other uniaxal 
crystal, except quartz) is bounded by planes perpendicular 
to the axis of the crystal : light is incident nearly in the 
direction of the axis ; to find the position of the front, and 
the velocity perpendicular to the front, of the ordinary and 
extraordinary waves : and the retardation of each produced by 
passing through the plate. 

150. First, for the extraordinary ray. In fig. 34 let AB 
be the normal to the front of the incident wave, or the direc- 
tion of the incident ray: BC the normal to the front of the 
extraordinary wave, which is not generally the same as the 
direction of the extraordinary rav : CD the direction of emer- 
gence parallel to AB : i the angle of incidence made by AB^ 
% the angle of refraction made hj BC\ v the velocity before 
incidence, v' the velocity of the extraordinary wave perpen- 
dicular to its front : T the thickness of the plate. The time 

. T 

of describing BC is —. rr\ the space which the wave would 

° t? cos % ^ 
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Tv 

in the same time have described in air is -; ^y. But since 

V cos t 

the front of the wave at incidence was perpendicular to AB 

at B, and at emergence perpendicular to CD at £7, the whole 

space which the wave really has advanced is 

COS t 

and therefore it has been retarded by a space in air equal to 

77 ( -7 — cos t. cos i'— sin t. sin %*] • 

cost \t? / 

151. Now sin *' = - sin t*. For i{ GHhe a position of 

the front before incidence and BK after entrance, GB and 
HK must have been described in the same time ; and there- 
fore GB : HK (or sin i : sin t") :: velocity of incident wave 
: velocity of extraordinary wave perpendicular to its surface 
:: V : v. And as the perpendicular to the refracting surface 
coincides with the axis of the crystal, we have by (112) 

V = \/(<*' cos^ i' + c* sin* z'). 

From these equations we find 



., a sin t 

smt = 



Vl«' -(c'-a*) sin' tV 

f_ \/(t^— c'sin'i) 
^^®* ""V{v"-(c'-a«)sin»iV 

r air 

^'"VK-(c*-a«)sin^V 

Substituting, the retardation 



m WiV^ "" ^ sin* i) .] 

ss £J2^ i — cost>. 



152. Next for the ordinary ray. This may be deduced 
from the last by putting a for c. For the expression in (112) 
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is changed to that in (111) hy this alteration. Consequently 
the retardation for the ordinary ray is 



T \ -^ ' — cos t ^ • 



153. The only quantity that concerns us is the excess* 
of the latter above the former. Its value is 

^W{v^ - a» sin* i) - V(v" - c' sin' %)]. 
When t is small, this is nearly 

^T—- sin'z. 

This we shall call /. 

154. In estimating then the displacement in the ether 
produced by these two separate pencils after emergence from 
the plate of crystal, if we represent that which is produced by 
the ordinary ray by a multiple of 



sin I Y {^t - x)[ , 



we must represent that produced by the extraordinary ray by 
a multiple of 

. f27r, , 27r/l 

or sm j— (v^ — a;) +-T— -K. 

For, the extraordinary ray is less retarded than the ordinary 
ray by the space / in air, and therefore the displacement 
really caused by the extraordinary ray will correspond to that 

* c is greater than a ior Iceland spar, beryl, and aU the crystals termed by 
some writers Ttegativt; and less than a for some yarieties of apophyllite, and aU. 
crystals of their poaiiive class. 



■SPVi*^P<e9aR9HHM4PBIi^«5'a«pv?H*C«<V>nap^'?««PKnBH^HnB^mpvn^i^i^MMr«i^"^^i"w" 
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which wotdd have been produced at a space less advanced 
by /* if they had been equally retarded* 

Prop. 32. A plate of Iceland spar &c. bounded by planes 
perpendicular to the axis of the crystal (as in Art 150) is 
placed between the polarizing and analyzing plates, fig. 24 : 
to investigate the intensity of the light in various parts of the 
image seen after reflection at B. 

155. In fig. 35 conceive the direction of any ray to be 
perpendicular to the paper: let the plane passing through 
this ray and through tne axis of the crystal {which in (111) 
we have termed the principal plane for that rayj make with 
the plane of first polarization the angle ^ : and let the plane 
of polarization at the analyzing plate (which we shall call the 
plane cf analyzation) make with the plane of first polarization 
the angle a. Let the vibration in the rays as first polarized 
be represented by 



. f27r 
asm-^ — 



{vt-x)\, 



perpendicular to the plane of first polarization. On entering 
the crystal this is resolved into 



a cos 



^.sin j— {vt'-x)^ 



perpendicular to the principal plane (which produces the 
Ordinary ray), and 



a sin ^ • sin \— {yt — a?) >• 



parallel to the principal plane (which produces the Extra- 
ordinary ray). tChe former of these expressions may be as. 
sumed to be true after the Ordinary ray has emerged from 
the crystal, provided that we make the proper alteration in 

* The same expression applies wben two plates cat in the same wi^ from 
crystals either of tiie same or of different kinds are implied together, / being- 
now the space by which in the combination the extraordmary ray is less retarded 
than the ordinary ray. If in both plates the extraordinary ray is less retarded 
than the ordinary ray^ or in both more, the effect of the combination is that of 
a thick plate : if in one it is less and in the other more retarded, the effect is 
that of a thin plate. 

9 
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tlie valtie of a: or ^ : but flien for the Extraordinary ray 
must, by (154), take the expression 

a Sin ^ . sin <— {vt --' x) + -r-— > • 

If the rays entered the eye in this state, there would be no 
variation of intensity in the light coming in different direc- 
tions through the crystal. For the intensity of the ordinary- 
wave 

= a* cos' ^ 

and that of the extraordinary wave 

= a* sin' ^, 

the sum of which, or a\ represents the intensity of the united 
waves (102), and this is constant. Now the analyzing plate 
being applied, those resolved parts only 6f the vibrations are 

Preserved which are perpendicular to the plane of analyzation^ 
["hat* furnished by the ordinary ray is 

a cos ^ . cos (^ + a) . sin ] ^ (t?^ — a?) r : 
and that furnished by the extraordinary ray is 

a sin ^ . sin (^ + a) . sin J— (vt — a?) 4- -r- f • 

The sum of these represents the displacement produced by 
the wave that enters tne eye. Adding them, and expanding 

we find for the coefficient of sin ] -r- (^^ "" ^) f > 

a cos ^. cos (^ + a) + a sin ^. sin (^ + a) .cos-;—, 



* As the analyzing plate does not transmit to tbe eye the whole of the 
vibrations perpendicular to its plane of polarization, we ought in strictness to 
multiply these expressions, in this and similar investigation^ by a constant. 
The omission is of no consequence in comparing the intensities of different parts 
of the image* 



RINaS PRODUCED BY UNIAXAL CRYSTALS. 131 



and for the coefficient of cos ■ 



-^{vt-x)\, 



a sm 9 . sm (^ + a) • sin -;r— . 

The sum of the squares of these coefficients is to be taken 
for the measure of the intensity {ad in (17) and (2a) ]• This 
sum is 

a' cos*. ^ . cos' (</^ + a) + a* sin' ^ . sin* (^ + a) 
+ 2a*sin^.cos^.8in(<^ + a) .cos(^+ a).cos-Y— , 

A 

or — ] 1 + cos 2^ , cos (2^ -f 2a) 

27r71 



-f sin 2^ . sin (2<^ + 2a) , cos 



^ J 



{ 7"' 

or a* jcos* a — sin 2^ . sin (2^ + 2a) * sin* — • • 

156, This gives the intensity of the light that enters the 
eye in a given direction, .. or the brightness of one point of the 
visible image. To determine what point of the image it is, 
we have only to remark that this ray makes the angle i with 
the ray that passes in the direction of the axis, in a plane that 
is inclined ^ + a to the plane oi analyzation (supposing that 
we look in the direction of the ray's motion), measuring from 
the top to the right. By the reflection at the analyzing plate, 
this course of the rays is inverted with regard to up and dovoriy 
while it is not altered with regard to right and left: but tlien, 
as the eye is placed to receive the light in the direction (^po- 
site to that in which we look in studying figure 35, there is 
another inversion with regard to right and lefi^ but none with 
regard to up and down. On the whole therefore, this ray 
comes from a point whose apparent angular distance from a 
certain point through which the rays pass parallel to the axis 
is t, which distance is measured in a direction that makes 
the angle ^ + a or '>^ with the plane of analyzation, mea- 
suring from the tipper part of the plane to the right. If a 
plate of tourmaline or a Mcol's prism were used for analyzing 

9—2 
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plate, the angular measure would be made from the tipper 
part to the left In the image presented to the eye, t majr 
be considered as a radios vector, and '^ the angle that it 
makes with the jipper part of the line that represents the 
plane of analjzation. Tne brightness, patting '^ for ^ + a, is 

o' ] cos* a — sin (2'ifr — 2a) . sin 2'ifr . sin* — j- . 

157. Let a = 90*, or let the analyzing plane be in the 
position in which no light is reflected without the interposition 
of the crystal The expression becomes 

a* sin* 2-^ . sin' -;— ♦ 

This is 0, whatever be the value of X and of /, when 

sin' 2-^ = 0: 
that is, when 

^ = 0, o^=90^ or = 180', or=270^ 

This shews that, whatever be the colour of the incident light, 
there is a black cross, passing through that point of the image 
which is formed by the light that is parallel to the axis. For 
all intermediate values of ^ it vanishes only when 

— - =0, TT, 27r, &c., or 7=0, X, 2\, &c., 

A 



or 
sin 



• '—A / 2av\ I 4ot?\ / ^av\ • 

mz-0, ^J-^—^^ y {f?^a^)T' V (^-«')2^^ ' 

and the light is brightest and — a" sin' 2-^ when 

, . / av\ I 8at»X » 
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The four spaces between the arms of the cross are therefore 
occupied by bright and dark rings, the radii of the bright 
rings being as VI, V3, V5> &c. and those of the dark rings 
as V2, V^, V6, &c. The radii are inversely as V T, and the 
rings are therefore smaller with a thick plate than with a 

, thin one. The radii are also inversely as a/ *; and 

^ V at; 

as this expression may conveniently be taken as a measure 
of the doubly refracting power of the crystal, the rings are 
less with a powerful doubly refracting crystal than with one 
which has that properly in a feeble degree. The radii vary 

also as »J\ (considering -^ ^ as independent of X), and 

thus are larger for red light than for blue light This pro- 
duces exactly the same effect which we have noticed in speaks 
ing of interference fringes and Newton's rings, (51), (66), 
and (72) : the rings which at first are black and white have 
very soon a mixture of colours, different at everv successive 
ring, and finally disappeiar from the mixture of ail in almost 

equal proportions. If -5 ^ were constant, the proportion. 

of the radii for different colours, and consequently the mix- 
ture of colours, would be nearly the same as in Newton's 

rings. But *t—-^ is generally a function of X: the radii 

of rings of different colours vary therefore as kI ^^ % > and 

the colours are not the same as those of Newton's scale. To 
such an extent, and so differently in different crystals, does 

-5 jf vary with X, that in one variety of the uniaxal apo- 

phyllite Sir John Herschel found that -^ 1 was almost 

exactly constant, so that more than 35 rings were visible t 
while in another variety <? — a* was positive for the rays from 

* The reader must not infer from this ezpression that there are no rings 
when c* is less than a*. On gfoing through the whole o£ the investigation it 
will be seen that the very same expressions wiU apply, putting only a* - c^ 
instead of c'- a*. 
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one end of the spectrum and negative for those from the other 
end, and = for the intermediate rays, and oqlj one or two 
rings were visible. 

168. Let a = 0^ or th« plane of reflection at the analyz- 
ing plate, coipcide with that at the polarizing plate. Ihe 
expression for the intensity is 



a«(l-sin^2^.sln«^). 



This expression, added to that discnssed in (157), produces a 
4um a\ Consequently the intensity at any point of the image 
in this case is complementary to that in the case of (157). 
Thus, instead of a black cross interrupting the rings, there is 
H bright cross interrupting the rings : instead of the dark 
rings having radii 

/ 2av\ f 4av\ » 

and the bright rings having the radii 

/ avK I %avK « 

the bright rings have the former and the dark ones the latter. 

159. In the general case, tiiere is no variation of the in- 
ten3ity with different values of / or «, (that is, there is a brush 
of some sort with light of uniform intensity throughout, inter- 
rupting the rings), when 

sin (2i^ - 2a) . sin 2-^ = 0. 
.For, the ssocession of rings depends on the alteration of values 
of sin* r^ : and this is removed by the evaBc^oence of its mul- 
tiplier. This equation gives 

■^^^O, or=*90*, or ==180*, or ==270^ or=ot, or = 90* + a, 

or = 180'*+a, or = 270* + a. 
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Consequently there are two rectangular crosses, inclined a to 
each other, which interrupt the rings. If a Nicol's prism is 
used, it is easily seen that one of these crosses has respect to 
the plane of polarization of the polarizing plate, and the other 
to that of the Nicol's prism. The intensity of the light in 
these crosses is a* cos* a. For the parts between '^ = 0, 
i|r = a, or between yjr = 90^ i|r = 90* + a, or between yfr = 180^ 
-A. = 180* + a, or between -^^ = 270*, 'Jr = 270* + a, the multi- 

plier of sin* ^r- is positive, and the light is therefore greatest 

when /=;;, ~ir> ^^'J aiidleast when J=sX, s=2X, &c. : these 

four sectors are therefore occupied b^ portions of rings nearly 
similar to those in (157), the intensity for the portions of the 
bright rings being 

^ {1 + cos (4-^ - 2a)}, or a" cos* (2^ - a), 

and that for the portions of the darker rings a*cos^a. 

But for the parts between -^ *= a, -^ = 90®, &c., the multi- 
plier of sin* — is negative : the light is least when /= « , 

— , &c., and greatest when /=:X, 2\, &c. : these sectors there* 

fore are occupied by portions of rings nearly similar to those 
in (158), the intensity of the portions of the bright rings 
being a* cos* a, and that of the fainter rings 

a* cos* (2-^ — a). 

The brighter rings in the last-mentioned sectors have the 
same radii and the same brightness as the darker rings in 
those first mentioned : and this brightness is the same as the 
brightness in the eight rays of the crosses. 

Pbop. 33. In the last experiment, Fresnet's rhomb is 
placed between the polarizing plate and the plate of crystal, 
with its plane of reflection inclined 45* to the plane of polar- 
ization, so that ihe light incident on the crystal is circuiai ly 
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polarized : to find the intensity of the light after reflection 
from By and the form of the coloured rings. 

160. Eesolve the vibration 

a sin-!— (vt —a?)}-, 
which is perpendicular to the plane of first polarization, 

'"^^ ^ "^ {t ^"^ " *)} ' 

perpendicular to the plane of reflection in the rhomb 

«°^ ^ '^ {t ("' - *)} 

parallel to that plane. The latter of these, hy (136), has its 
phase increased hy 90^, and therefore on coming out of the 
rhomb the vibrations may be represented by 

72 '^ {x (** - *)} 

perpendicular to the plane of reflection 

""^ ^ "^ {x ^"^ " *^} 

Sarallel to that plane. Besolving these in directions perpen- 
icular and parallel to the principal plane of die Crystal, 
we find; 

Vibration which produces Ordinary ray 

= ^ cos (45* - <l>) . sin 1^ {vt - a?)| 

+ ^sin(45»-^).cos|^(t;<^«)j. 



^^^^ {x ^^* "■ «^) +^^'- ^} • 
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Yibration which produces Extraordinary ray 

r 

+ -J- cos (45* — ^) . cos ]— {vt — a?) [• 

On emerging from the crystal, the Ordinary vibration being 
represented by the same expression, the Extraordinary vibra- 
tion must be represented by 

The resolved parts of these perpendicular to the plane of 
analyzation (which are the only parts that reach the eye) 
are 

■^- cos (a + ^) .sin j-^ (v<— a?) +45*— ^)r 

+ ^sin (a + ^) .cos | -^ (v^-a?) + 45*- ^ + -^ \ . 

Expanding the last term, the coefficients of 

sin I — (v* — a?) + 45* — ^|- 

and cos \~ {vt — x)-\- 45* — ^[ , 
are 

;^cos(a + ^)-^8m(a + ^).sm— , 

and -j^ sm (a + 9) . cos -r— , 
and the intensity of the light, or the sum of the squares, is 

- j 1 - sm (2a + 2^) . sin — k 
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161. Since a does not enter into this expression, the ap- 
pearance will not be altered on turning B round its spindle. 
When sin 2^|r = 0, that is when i|r = 0, or 90*, or 180^ or 270^, 

a" 

the intensity is — : this shews that there is a cross with light 

of mean intensity interrupting the rings. When 

-^^ is > < 90*, or > 180^ < 270®, 

the expression is maximum when 

27r/ Stt 77r « 

\ 2 ' 2 ' 

and minimum when 

27r/ TT Stt « 

=a — , — , &C. 

\ 2' 2 ' 

or maximum when 



and minimum when 



= — , — • Cfcc. 



/At 0A» o 
= j, -,&c. 



When i/r is > 90® < 180* or > 270* < S60^ the expression is 
maximum when 



and minimum when 



4 ' 4 ' 



/o\ 7A « 



Thus it appears that of the four quadrants into which the 
cross divides the image, each opposite pair is similar, but 
each adjacent pair is dissimilar : the bright rings in one quad- 
rant having tne same radii as the dark rings in the next 
(quadrant. And on comparing these expressions with those 
m (157), it will be seen that the effect of placing Fresnel's 
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rhoinb has been to push the rings outward by J of an order 
in two opposite quadrants, and to pull them in hj J of an 
order in the other two opposite quadrants. At the same time 
the cross which was perfectly black has now some light. 
The most important difference of character however which 
the use of Fresnel's rhomb produces is the unchangeability of 
appearances as jj? is turned round. 

If we compared the rings produced with the same position 
of Fresnel's rhomb by two crystals, in one of which c* was 
> cf and in the other of which c* was < a', then for a given 

order of rings, that is for those in which the magnitude of - , 

27r/ 
without respect to its sign, is the same, sin-rr— would be 

positive for the first and negative for the second, or vice versd. 
Consequently the bright rings of one crystal would correspond 
to the dark ones of the other. But we have seen that the 
bright rings of one quadrant correspond to the dark rings of 
the neighbouring quadrant. Consequently the rings pre- 
sented by one of the crystals would be the same as those pre- 
sented by the other, supp6ising the latter rings tamed round 
90^ This affords a convenient method of determining whether » 
the double refraction of a uniaxal crystal is of the same kind 
as that of a standard crystal (for instance Iceland spar) or of 
the opposite kind 

Prop. 84. A plate of a bis^cal crystal whose optic axes 
make a small angle with eaeh other (as nitre or arragonite) is 
bounded by planes perpendicular to the plane passing through 
the axes and nearly perpendicular to each axis ; light is in-* 
cident at a small angle of incidence : to find the di&renoe of. 
Iretardation of the two rays* 

162* The accurate solution of this problem leads to some 
latKer complicated expressions: and we shall therefore con-' 
tent ourselves with a very appro3^imate solution analogous to 
that found in (153). We have found there that the difference 
of retardation was nearly 
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where the difference of the squares of velocities of the two 
waves was (c* — a*) sin't": or that the difference of retardation 

was nearly = r-j x difference of squares of velocities of the 

two waves. As the difference of retardation arises solely 
from the difference of velocities, we shall suppose the same 
proportion to be true here. Now by (125) neither of the rays 
undergoes Ordinary refraction, or has a constant velocity. 
Still, even in extreme cases, the velocity of one is so nearly 
a constant = a, that in a calculation depending almost wholly 
on the difference there will be no sensible error in considering 
one as constant and = a. And by (123), putting v' for the 
velocity of the other, 

a'' — V ■ =5 Ca .smm , sin n , 

wl^ere m' and n' are the angles made by the normal to its 
front with the two optic axes of the ciystid {C being always 
small). 

Hence the difference of retardations 

TCav . . . , 
— — - — smm .smn. 

Now let us consider the system of rays in air which on 
entering the crystal will pass in the directions that we have 
described. Let m and n be the angles made by the same ray 
in air with the rays which on entering the crystal will pass 
in the directions of the optic axes. As all the refracted rays 
(represented bv ih& normals to the fronts of the waves) are 
in the same planes perpendicular to the refracting surface as 
the incident rays^ and as all the angles of refraction are yenr 
nearly in the same proportion to the angles of incidence, it 
follows that all the other small angles depending on them, and 
their sines, are nearly in the same ratio. 

Hence 
■ ^in W = - sin wnearly, and sin n=~ sin n nearly: 
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and therefore the difference of retardations is 

TGa* . 

— - — sm 971 . sin n. 
2v 

This as before we shall call /• 

Prop. 35. A plate cut from a biaxal crystal, as in (162), 
is placed between the polarizing and analyzing plates : to in- 
vestigate the intensity of the light in different points of the 
image seen after reflection from B. 

163. Let <f> be taken now to represent the angle made by 
the plane of polarization of either ray with the plane of first 
polarization, and the expression of (155), which is founded on 
no supposition except that the planes of polarization of the 
two rays are perpendicular to each other, will apply to this 
case. The intensity of Jight is therefore 

a' Jcos'a — sin2^.sin (2^ + 2a) . sin*— }• , 

Conceive fig. 36 to be the projection of the directions of the 
rays and planes on a sphere (or rather on the tangent plane 
to a sphere) of which the eye is the centre and whose radius 
is r. Let A, B, thus represent the optic axes, P any ray 
under consideration, BE the plane of first polarization. Put 
13 for the angle made by the plane passing through the optic 
axes of the crystal with the plane of first polarization. Let 
PQ bisect the angle APB: then, by (124), FQ represents the 
plane of polarization of one ray, and therefore 

Ai • ' AP , . BP « 
Also sm m = — nearly, sm n = nearly, 



and therefore 



TG<jf 

jr= — 5- • AP • BPm 



164. Now the form of the brushes interrupting the rings 
will be discovered by making the multiplier of sin' — =0. 
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This gives 

sin2^ sOy or sin (2^ + 2a) = 0. 

Conscquentlj 

tan (2^ + 2y3) »tan 2/3, or « tan (2)3*- 2a). 

Now refer P to the point G bisecting AB, by rectangular co- 
ordinates, X being measured in the direction CA and y per«> 
pendicolar to it ; let CA ^ b. Then 

tanP-4jP=-^ : tan PBF:= -t^ : 

whence tan {2^ + 2/8) = tan 2PQ^ = tan (PPP+ P^P) 

(because PQ bisects the angle iat P) 

2xy 

Hence the brushes are determined bj these equations : 

or (aj'-J'-y*)tan2y3-2a?y=«0; 
^"^^^^ tan (2/8 -2a), 



or (a^ - V ^y*) tan (2/8 - 2a) - 2xy = 0. 

These are evidently equations to hyperbolas, of which C 
is the center. As in both of them y = when x=^±h, the 
hyperbolas defined by both equations pass through A and P. 
The position of the asymptotes will be determined by sup- 
posing X and y very great compared with S : this gives in tne 
first equation 

^ + 2cot2/8^-l«0, or 2?a: + tan/8 or -cot/9, 
or X ' X ' 

and similarly in the second 

^« + tan(/8-a) or -Got(/8-a). 
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This shews that both hyperbolas are rectangular, and that the 
asymptotes of one are parallel and perpendicular to the plane 
of first polarization ; and those of the other inclined to them 
by a, or (if Nicol's prism is used) parallel and perpendicular 
to the plane of polarization of the NicoFs prism. The in- 
tensity of light in the brushes is 

a* cos* a, 

165. When ^ = 0, or = 90^ tan 2^ = 0, and the first hy- 
perbolas are changed into two straight lines, one in the direc- 
tion of FGj and the other perpendicular to it, passing through 
(7. Similarly when 13 = a, or =90" + a, the second hyper- 
bolas are changed into a similar cross. Whatever be the 
value of ^, if a = 6 or = 90**, the two pairs of hyperbolas 
coincide : but the value a = gives for the intensity cr, or the 
brush is bright : and the value a = 90" gives for the intensity 
0, or the brush is black. 

166. The nature of the rings is determined by the varia^ 
tions of value of the last term 

— sin 2if> . sin (2^ + 2a) . sin' — . 

When ^>0<90"-a, or >90"<180"-a, 
or > 180" < 270" - a, or > 270" < 360" - a, 

(the limits of which are determined by the hyperbolas already 
described) the brightness is greatest when 

/=0, or =X, or =2\, &c. 

and least when 

= — • — « &C. 

2 * 2 ' 

When ^>90"— a<90", the brightness is greatest when /«- , 

« • 

— , &c; and least when /=» o, X, 2\, &c. 

The cases when a =» or a « 90" will be very easily Investi- 
gated by the reader. 
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167. It is plain then that the general appearance will 
be rings, interrupted by the brashes, in such a way that the 
bright rings on one side of the brushes correspond to the dark 
rings on the other side (except a = or a = 90®, when the 
number of brushes is diminished, and the rings on opposite 
sides correspond) ; and that the form of these rings will be 
determined by the equation /=^x constant; or, by (163), 

-—— r AP. BP =s X X constant, 

or AP. BP= 7pp-i X constant, 

where the constant determines the order of the rings. The 
curves determined by this equation are of the kind called 
lemnucates. If the constant is small, they will be nearly 
circles of which A and B are centers. As the constant is in- 
creased, the circles become elongated towards G: at last they 
become a single curve like the figure 8 crossing at G: then a 
single curve Bke a ring nipped so as almost to meet in the 
middle : and afterwards a ring slightly flattened. Combining 
this determination with those of (164) and (166) it is seen 
that, supposing values of fi and a similar to those in figs. 35 
and 36, the general appearance is that of fig. 37, where the 
curves represent the dark rings. 

168. Since AP. BPcc constant that determines the order, 
the radii of the successive rings, when they are small and 
nearly circular, are as 1, 2, 3, &c. nearly. In this respect they 
differ from those of a uniaxal crystal, which are as Vl? V^> V3, 

&c (157). And since AP.BPoc-^j the rings are smaller 

with a thick plate of a given crystal thau with a thin plate. 

And since AP. BPac -^ , the rings are smaller with a csystal 

that produces a ^eat difference in the velocity of the two rays 
than with one whose energy is feeble. And since AP. BPcc \ 

or rather oc -^pj , the curves are ccsteris jpartbus larger for red 

than for blue rays. 
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169. There is however one difference between the curved 
for the different colours which in its nature is unlike any 
thing else that we have yet seen. It is, that the optic axes 
for different colours do not coincide. In every instance how- 
ever the alteration of place is symmetricai with regard to the 
two axes. Thus the two red axes may be less inclined than 
the two blue axes, or vice versd, but the angle between ot^e 
red and one blue axis is the same as that between the other 
red and the other blue. In one or two instances this angle 
amounts to nearly 10^ The consequence is that the colours 
are not the same in different parts of the rings of the same 
order. Suppose for instance (as in nitre) the red axes are 
less inclined than the blue. As the red rings are larger than 
the blue, we shall, on taking points exterior to A ana ^, find 
positions where all the colours are mixed or all are absent, 
and therefore the rings are nearly white and black. If we 
trace the same rings to the positions between A and J?, the 
red rings will very much overshoot the blue rings, and there- 
fore the rings have the colour peculiar perhaps to a high order 
in Newton's scale. 

170. It was till very lately supposed that the axes of the 
different colours are all in the same plane. Sir J. Herschel 
has discovered that in some instances (in borax for example) 
this is not true : the planes, however, as far as yet observed, 
all pass through the fine bisecting the angle formed by the 
two axes. The reader will have little difficulty in conjectur- 
ing the nature of the alteration which this irregularity pro- 
duces in the colours of the curves. 

Prop. 36. In the experiment of Prop. 35, Art. 103> 
FresneFs rhomb is interposed between the polarizing plate 
and the crystal: to find the form, &c. of the coloured 
curves, 

171. As in (160), the intensity of light at any point is 

- |l - sin (2^ +2a) .sin -^i . 

There is a brush interrupting the rings where 

sin (2^ + 2a) = : 

10 
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this is the same equation as that which determines the second 
hyperbolas in (164), and which when fi^a. or =90*^+ a 
becomes a cross. When sin (2^+ 2a) is positive, the in- 

tensity is maximum if 7= "7* » "7" > ^^'j ^^^ minimum if 7= - , 

— , &c.: and the contrary when sin (2^ + 2a) is negative. 
4 

These spaces are separated by the brush : consequently the 
bright rings on one side of the brush correspond to the dark 
rings on the other side. The form of the rings is just the 
same as in (167)* 

Prop. 37. A plate of uniaxal or biaxal crystal, cut in 
any direction different from those of (150) and (162), is placed 
between the polarizing and analyzing plates : to find the ap- 
pearance presented to the eye. 

172. The general expression for the brightness in (155), 

■ « r ' 27r7) 

--.| 1+ cos 2(^ . cos (2(^ + 2a) + sin 2^ • sin (2^ + 2a) . cos -5— r 

. applies to this case. To confine ourselves to the most im- 
portant instances we will make a = 90°, which reduces the ex- 
pression to 

By 7 is meant here the space that one ray (which whether ia 
uniaxal or biaxal crystals we shall call the Ordinary ray) is 
retarded more than the Extraordinary ray, and to which the two 
expressions in (162) still apply, observing only that in the 
former i* is the anffle made with the axis. The essential dif- 
ference between this case and that of (155) and (162) is, that* 
here 7 is large for all rays which pass nearly perpendicular to 
the plate. 

(1) If the plate be thick, all traces of colours will dis- 
appear (as we have seen in several cases of inter- 
ference where one ray had gained many multiples of 
X on another). For, 7 bemg considerable, a very 
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27r/ 

small variation of \ will make -rr- vary by 27r: and 

thus, for the various rays included in every small 

portion of the spectrum, cos-j-- will have all its 

values, positive and negative, and the sum of all these 
values will be = 0. The intensity of light will there- 
fore be i sin* 2^ x incident light, a proportion which is 
the same for all the colours. On turning the plate 
round in its plane, <f> will vary from to 360*^, and 
the light win disappear four times. It. will be 
greatest when ^ = 45^ 135*, &c. 

(2) Colours may however be produced by crossing two 
plates of very nearly the same thickness cut in the 
same manner from the same crystal. For let I be 
the retardation of. the Ordinary above the Extra- 
ordinary ray in the first, T that in the second; T 
will be very nearly equal to /. And, the plates 
being at right angles to each other, the Ordinary ray 
of the first will be the Extraordinary rigr of the 
second. T therefore will be the acceleration in the 
second plate k)f the same vibrations for which /was 
the retardation in the first : and therefore the whole 
retardation is /— -T, and the brightness is now 

-sm^2^|l-cos ^^j; ^j, 

* * 

or a^ sm*2<^ . sin' — ^- . 

The space I —I may be so small that the arc 

— ^^ — - may differ little (not more than a fraction 

of TT or a small multiple of tt) for differently coloured 
rays, and then there will be vivid colours. 

(3) Colours may also be produced by applying together^ 
with their axes parallel, two plates cut from uniaxal 
crystals, one of the positive and one of the negative 
class (as quartz and beiyl)« For in one of these the 

10—2 
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Ordinary ray is most retarded, and in the other the 
Extraordinary ray is most retarded : and as the Ordi- 
Bary ray in one forms ^ Ordinarjr ray in the other, 
the ray which is most retarded in me first is least 
retarded in the secosu!, and thus the difference of re- 
tardations may be made i^ small as we please. 

(4) From the bodies which crystallize in laminse it is 
frequently possible to detach a plate so thin that 
it will exhibit colours : for instance sulphate of lime, 
or mica. Both these are biaxal : m the former the 
axes are in the plcme of the laminas ; in the latter 
they are in a plane perpendicular to it, but widely 
separated. 

(5) In all these cases, the colours do not form small rings, 
as in the cases that we haye treated at length, but are 
diffused in broad sheets. This arises merely fix)m 
the circumstance that the expression for / or /— /' 
varies yery slowly with the yariation of incidence. 
In sulphate of lime, for instance, a ray perpendicular 
to the laminae makes 

a ray inclined to this will produce yery little altera- 
tion in sin w! . sin n on which / depends. The same 
is true in mica^ where the ray makes equal angles 
with the two axes. If it be inclined in the plane 
of the axes, sin m . sin v! is diminished : if perpen- 
dicular to that plane, sin W. sinn' will be increased. 

173. If the thickness of a lamina of sulphate of lime or 
mica is such that, for a ray perpendicular to the lamina, 

J= 2 for mean rays, the lamina may be used instead of Fres- 

neVs rhomb. For here the light which is incident is resolved 
into two sets of vibrations at right angles to each other, and 
one of these is retarded in its phases by 90^ more than the 
other ; which is precisely the effect of Fresnel's rhomb. There 
is however this difference between them. In FresneVs rhomb, 
whatever be the colour of the lights the retardation of the 
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phase is exactly 90®, or the confesponding retardation in space 
is exactly j whatever* the value of X may be. In the crys-' 
tallized plate, on the contrary, the retardation for mean rays is 
exactly j , bat it is greater than j for blue rays, and less 

than J for red rays. This is seen most distinctly on putting 

several such laminae together, when the light which is reflected 
from the analyzing plate is coloured : whereas on putting to- 
gether several Fresnel's rhombs, there is no such colour. It 
is plain that, in substituting such a lamina for Fresners 
rhomb, the plane of vibration of that ray which is least re- 
tarded corresponds to the plane of reflection in the rhomb. 

If a thicker plate (for instance one that produces a di£Per- 
ence of retardations amounting to 6\ for mean rays) be placed 
with its planes of polarization inclined 45^ to that of first 
polarization, the efiect on the rings of a uniaxal ciystal is 
very remarkable. In two opposite quadrants, the ray which 
is most retarded furnishes the Ordinary ray, and in the other 
two the same furnishes the Extraordinary ray. In two oppo- 
site quadrants therefore the difference of the paths of the rays 
of the uniaxal crystal is increased, and in the others dimi- 
nished ; and therefore in two the colours are those belonging 
to distant rings, while in the other two the colours of the fifth 
or sixth ring are pure white and black, as if they were close to 
the center. 

174. The investigations which we have eiven will apply 
to all the crystalline bodies whose laws of doable refraction 
are accurately known. Quartz has been mentioned as an ex« 
ception to the common laws of uniaxal crystals. It appears 
that the phaenomena which it exhibits may be perfectly repre* 
sented by supposing the Ordinary ray to consist of elliptically 
polarized light whose greater axis is perpendicular to the 
principal plane, and the Extraordinary ray to consist of ellip- 

* This is not strictly ttvte, as the sttine imgle of incidehoe in the rhomb does 
not produce exactly the same efifoet for all rays : bat it is much more exact than 
the other. . . 
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ticallj polarized light whose greater axis is in the principal 
plane: these two rays haying also the difference* mentioned 
m (141) : and the ellipses being changed to circles when the 
direction of the rays coincides with the axis of the Grjrstal. 
It is also necessary to suppose that the axis of revolution 
of the spheroid (prolate for quartz) in which the Extraordi- 
nary wave is supposed to diverge (115) is less than the radius 
of the sphere into which the Ordinary wave diverges. For 
these investigations we must refer the reader to the Camhrtdge 
Transactions, Vol. IV. 

Pbop. 38. In every case where the interposed crystal 
resolves the light into two rays polarized in planes at right 
angles to each other, on turning the analyzing plate 90® the 
intensity of the light at each point is complementary to what 
it was before^ 

175. This is seen firom the expression of (155). On put- 
ting 90^ 4- a for a, the expression becomes 

•-■ Jl— cos2^.cos(2(^+2a)— 8in2^.sin(2^+2a).cos-^ {• , 

which added to that in (155) makes a*. Thus if in one case 
there is black, in the other there will be white : if in one there 
is an excess of red at any point and an absence of blue, in 
the other there will be an absence of red at the same point and 
an excess of blue, &c. 

If instead of an analyzing plate we use the doubly refract- 
ing prism described in (117), two images are seen at once in 
different positions, every part of one of which is comple- 

* The ciystid is right-handed or left-handed according- as the Ordinary or 
the Extraordinary ray is of the first of these kinds. Sometimes (as in macled 
quartz, or amethyst) the two species of quartz are mixed : the optical pheno- 
mena which the mixture presents are veiy remarkable. It is to be observed (as 
a consequence of what is stated in the text) that in the direction of the axis the 
two rays, circularly polarized in opposite ways, are transmitted with different 
velocities : no mechanical theory has yet been formed which will completely 
account for this. (See however Mr Tovey's papers in the PhilosophiccU Maga- 
»me,) It is remar^ble that several fluids (as turpentine, sugar and water, &c.) 
possess this property, and even the vapour of tarpentine: and apparently in all 
cKrotftioitf. 
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Hientaiy to the correspondinff part of the other. For, one 
pencil emerging from the pnsm consists only of vibrations 
perpendicular to the plane of refraction of the prism, and 
therefore presents to the eye the same image as the analyz- 
ing plate in a given position : the other consists only of vi- 
brations in the plane of refraction, and therefore presents the 
same ima^e as the analyzing plate in the position aiffering 90° 
from the former. 

PfiOP. 39. Glass under pressure possesses double refrac- 
tion. 

176. This was experimentally shewn by M. Fresnel in 
the following manner. A number of prisms were plaxsed as 
in fig. 38, and to prevent loss of light a fluid of nearly the 
same refractire power was dropped between the adjacent sur- 
faces. The ends of A, B, G, D, were then violently pressed 
by means of screws. On pacing a raj of light through the 
combination it was divided into two, one polarized in the 
plane of the paper and the other in the perpendicular plane* 

177. It is found also that pressure affects the separation 
of the two rays in crystals which possess the property of double 
refraction. This leads to the presumption that double refrac- 
tion is produced generally by a state of mechanical constraint 
in the particles of bodies. 

« 

178. According to our preceding theories, since com- 
pressed glass possesses double refraction, it ought, when pro- 
perly interposed between the polarizing and analyzing plate, 
to exhibit colours. This may De seen on squeezing by means 
of a screw a piece of glass and holding it in the apparatus. 
But it may be best exhibited by taking a thick piece of plate 
glass which is polished at the edges, and bending it by a 
weight or a screw pressing the middle, and in that state 
placing it edgeways oetween the polarizing and analyzing 

{)lates at an angle of 45^ to each plane of reflection. A black 
ine is seen along the middle extending the whole lengthi 
with stripes more and more coloured on each side : the num- 
ber of stripes is greatest in the middle of the length (per- 
haps six ^k and as .many bright) : towards the ends the 
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Stripes 1>ecoine broader and fewer, and tbe ends are wholly 
black. It is plain here that the central black line is seen in 
those parts which sofkr no strain ; and that those which are 
extended as well as those which are compressed possess doable 
refraction* On patting a plate of mica across it, with the 
plane of its axes, either parallel or perpendicolar to the plane 
of the glass, and comparing its effects on the fringes with 
its effects on the rings of Iceland spar, &c., it is foand that 
the doable refraction of the compressed parts is of the same 
kind as that of a negative crystal, and that of the extended 
parts of the same Kind as that of a positive crystal, the 
a:ds being supposed to lie in the direction of the length of 
the plate glass. 

179. It is foand also that if glass is heated in one part, 
or if it is heated generally and cooled in one part, or if^it is 
made nearly red hot and saddenly cooled bv placing' between 
cold irons, &c., it possesses the property of exhibiting bean* 
tifal colours divided by black brashes, &c., when placed be- 
tween the polarizing and analyzing plates. There is no doubt 
that the ^lass is here in a state of mechanical constraint. On 
turning the glass, the black brashes are seen to pass by turns 
over every part. This determines the plane oi polarization 
of the rays at every part of the glass, since at that point (172) 
if) must == 0, 90®, <KC. : that is, the two planes of polarization 
are then parallel and perpendicular to the plane of first polar- 
ization. 

180. Between constrained glass and crystals there is 
however one important difference. The rinffs, &c. exhibited 
by crystals respect a direction which is independent of thei 
size of the specimen or the part from which it is taken. The 
smallest fragment of crystal properly shaped may be made to 
exhibit the rings as well as the largest. In constrained glass, 
on the contra]^, the rings and brushes cannot be seen, except 
the specimen is placed so far from the eye that the whole can 
be seen- at once: and then we perceive an effect, not similar 
to that produced by rays passing in different directions through 
the same crystal, but to that produced by a number of crystals 
of different doubly refractive power arranged in different posi* 
tions and then united into one syatem. 
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181. It may be xiseM to examine the effects of the three 
agents which are necessaij) and in a particular order, for the 
exhibition of these appearances: namely the polarizing plate,, 
the analyzing plate, and the interposed ciystaL "We shall 
begin with the last. 

It is necessary that there should be an interposed body 
for the purpose of altering the nature of the ray in order to 
make it renexible at the analyzing plate. We know of only 
two ways in which this can be done. One is, by resolving 
the vibrations into two parts and suppressing one of them. 
This is done if a plate of tourmaline with its axis inclined 45^ 
to both planes of reflection is interposed ; light is then re-^ 
fleeted from the analyzing plate. The other is, by resolving 
the vibrations into two parts and retarding one ; the retard* 
ation being either constant (measured by its effect on the 

S bases), or varying with the colour of the light and with the 
irection of the ray. The first of these is done when Fresnel's 
rhomb is interposed : the second when a crystal or any body 
possessing double refraction is interposed. In either of these 
cases, the nature of the light compounded of these two parts 
as they emerge is different from that of the light which 
enters. But, m the former case, the change in the nature of 
the emergent light is sensibly the same for all rays nearly 
in one direction ; in the latter case, it is vorv different even 
for rays whose inclinations did very little. When the planes 
of reflection at the polarizing and analyzing plate comcide, 
the same contrivance is necessary in order to make the light 
less capable or wholly incapable of reflection at the analyzmg 
plate. 

It is necessary for the exhibition of coloured rings that 
there should be an analyzing plate ;. because, in all the cases 
of resolution that we know, me intensity of the light pro- 
duced by the union of the resolved parts, after one of them 
has been retarded, is constant (155), and equal to that of the 
light before it was resolved. But by again resolving this 
united light according to a certain law into two parts, and 
preserving one, it is probable that in different directions the 
preserved part will have different values, inasmuch as the 
nature of the light emerging from the crystal in different 
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directions is different. And this in fact is the origin of the 
coloured curves. But there is no necessity that the resolution 
^hould be (as we have commonly supposed) into two sets of 
vibrations at right angles to each other, of which only one is 
preserved. For instance, if FresneVs rhomb is interposed 
Between the crystal and the analyzing plate, coloured nngs* 
of a different kind are seen. This artifice amounts to the 
same as resolving the light when it emerges from the crystal 
into two rays, both elliptically polarized, of the opposite kinds 
mentioned in (141), and preserving only one. If any other 
kind of resolution could be conceived, it would serve as well 
for exhibiting coloured rings, of forms probably different. 

With respect to the necessity for a polarizing plate, there 
is a little more difficulty. We see from theory, as well as 
from observation, that hght consisting of vibrations parallel 
to a certain plane will, after passing through the crystal and 
imdergoing analyzation, exhibit coloured nngs. But we see 
also that other tinds of light will do as well. For instance, 
circularly or elliptically polarized light (of which one has lost 
all trace of polarization according to the usual tests, and the 
other has but imperfect traces) will exhibit rings. Common 
light however will not exhibit rings. 

182. It becomes then a matter of interest to inquire what 
is the difference between common light, and the class com- 
prehending plane-polarized, circularly polarized, and ellip- 
tically polarized light. Now for a given colour of light, (that 

* There is no diffioully in investigating their form. Each of the rays 
emerging from the crystal is to be resolved into two sets of vibrations, one 
parallel and one perpendicular to the plane of reflection in the rhomb : the phase 
of the former is to be accelerated 90^ ; aud the light emerffing from the rhomb 
is to be resolved as usual at the analyzing plate. If the incident Hght is circularly 
polarized, and a nniaxal crystal is interposed, the rings are circular without any 
brush or cross : the center is bright or black according as the two Fresnel's 
rhombs have their planes of reflection coincident or at right angles to each 
other. If a biaxal crystskl is interposed, the rings are uninterrupted, as there is 
no brush of any kind. This experiment is worthy of notice, as being the only 
one (so far as we know) in which the rings, and especially the lemniscates, are 
seen in their whole extent without interruption. Instead of placing a Fresnel's 
rhomb between the crystal and the analyzing plate, it is more convenient to use 

a plate of mica which retards one ray more than the other by ^ : and to place 

\t with the plane of its axes inclined 45® to the plane of polarization. 
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is, where the length of waves is int-axiable), and for a given 
intensity of light (that is, where the coefficient of vibration is 
invariable), the most general kind of light that we can con- 
ceive is elliptically polarized light ; inasmuch as the union of 
any number of vibrations in any directions and following each 
other at anv intervals will produce elliptically polarized light 
Common light therefore must be elliptically polarized (in- 
cluding in this term plane and circularly polarized). The 
phaenomena of interference, which are exhibited in every re- 
spect as well with common light as with polarized light, 
require us to allow that many successive vibrations are ex- 
actly similar to each other. For instance, on examining 
Newton's rings, when the incident light is that of a spirit- 
lamp, or that from any one point of the solar spectrum (which 
are nearly homogeneous), nfty or sixty rings may be seen 
Very well, and perhaps more in favourable circumstances. 
Since the sixtieth of these rings is produced by the inter- 
ference of a wave with the sixtieth foUowihg wave, we must 
conclude not only that sixty successive waves are exactly 
similar, but that a large multiple of sixty successive waves 
are exactly similar. The state of the investigation then at 
present is this. The phaenomena of interference, combined 
with our most general ideas on the nature of light, compel us 
to suppose that common light consists of elliptic vibrations, 
many of which in succession are exactly similar. The dif- 
ference between the phaenomena of polarization (with a crystal 
and an analyzing plate) exhibited by common light and by 
elliptically polarized light, shews that common light* does 
not consist of an indefimte succession of similar elliptic vibra- 
tions. 

183. The only supposition that seems able to reconcile 
these conclusions is this. Common light consists of sticcessive 

* We have not mentioned here the law discovered by the French philoso- 
phers, that if two streams of common Kght from the same somxse were polarized 
in planes perpendicular to each other, and afterwards brought to the same plane 
of polarization, they would not interfere ; but if two streams of polarized light 
from the same source were treated in the same way, they would interfere. The 
fact is, that the observing of rings, &c. in crystals is far the best way of making 
the experiment : the crystal which has double refraction exhibits the two rays 
polarized in perpendicular phmes and the analyzing pbte brings them to the 
same plane of polarization. 
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series of elliptical vibrations {including in this term plane and 
circular vibrations) y all the vibrations of each series being 
similar to each other ^ bwt the vibrations of one series having 
no relation to those of another. The number of vibrations in 
each series must amount to at least several hundreds; but the 
series must be so short that several hundred series enter the eyt 
in every second ^ftime. 

It must be observed tbat a gradual change in the nature 
of the vibrations is inadmissible. If, for instance, we sup- 
posed the vibrations elliptical, and supposed the ellipse to 
revolve uniformly about its center, it would be found that 
the vibrations in each plane could be resolved into two whose 
lengths of wave were different ; and compounding the cor- 
responding vibrations in perpendicular planes, we should 
have two rays of elliptically polarized light of different co- 
lours. 

As a simple instance of our general supposition, suppose 
1000 similar vibrations in one plane to be followed by 1000 
vibrations, of magnitudes equal to the former, in the plane at 
right angles to the former plane ; then 1000 in the same plane 
as at first, &c. The succession of similar waves would be 
suflBcient to give all the phsenomena of interferences in per- 
fection. At the same time, no colours would be exhibited 
with a crystal and an analyzing plate. For the first series 
alone would give rings and colours, but the second would 
give rings, &c; with intensities exactly complementary* to 
the former : and as these would enter the eye in such rapicl 
succession that we could not distinguish them, we should 
only perceive the combined effect, which would be a unifonn 
white. 

184. We have always spoken of the colour of a ray as if 
it alone were sufficient to identify the nature of the ray. 
Perhaps, however, it would have been better to consider a 
ray as defined bv its refrangibiiity. The remarkable expe- 
riment of Fraunhofer (84), from which it appears that the 
interruptions in the specbum formed by interference corre- 

* Thifl 18 seen in onr ezprestioiiB (155) by putting ^ + 90^ initead of ^, and 
a -90<> instead of 0. 



^ 



BELATIOX OF COLOUB TO BEFBANGIBILITY. 157 

apond exactly to those in the spectrom fonned by refraction, 
seems decisive as to this point, that rays of the same re- 
frangibility are produced by waves of the same length. It 
has, however, long been the opinion of some philosophers 
that there are rays of different colours which have the same 
degree of refranglbiUty. and th»t there are rays of the same 
colour with different degrees of refrangibility. Taking this 
as established, the conclusion seems to be, that colour does 
not depend on the length of a wave, but probably on some 
other circumstance, as perhaps the nature of the vibration. 
The law of vibration may be, not that of a cycloidal pendu- 
lum (as we have all along supposed), but something slightly 
different. It may be that the effect of an absorbing medium 
is to suppress all that part of the vibration which follows that 
law, and to allow only the other to pass. These, however, are 
very vague conjectures, which can scarcely be examined till 
our knowledge of the subject in qjaestion is much more exten- 
sive thau it is at present. 
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iESCHYLI EUMENIDES. The Greek Text, with English Notes 
and English Verse, Translation, and an Introduction. By Bernard 
Drake, M.A., late Fellow of King's College, Cambridge. 
8vo. 3J. 6a?. 

The Greek text adopted in this Edition is based upon that of WeUauer^ 
which may be said^ in general termsy to represent that of the best manu- 
scripts. But in correcting the Text^ and in the Notes, advantage has been 
taken of the suggestions of Hermann^ Paley, Linwood, and other com- 
\ mentators. In the Translation, the simple character of the ^schylean 

I dialogues has generally enabled the author to render them without any 

L mcUerial deviaMon from the construction and idioms of the original Greek, 
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ARISTOTLE ON FALLACIES; OR, THE SOPHISTICI 
ELENCHI. With a Translation and Notes by Edward Poste^ 
M. A., Fellow of Oriel College, Oxford. 8vo. %s, 6^. 

Besides the doctrine of Fallacies , Aristotle offers^ either in this treatise 
9r in other passages quoted in the cofnmeniary^ various glances over the 
world of science and opinion^ varimts suggestions or problems which are 
still agitcUed^ and a vivid picture of the ancient system of dial^tics, which 
it is hoped may be found befth interesting and instructive. 

Aristotle. — an introduction to aristotle's 

RHETORIC. With Analysis, Notes, and Appendices. By E. 
M. Cope, Senior Fellow and Tutor of Trinity College, Cam- 
bridge. 8vo. I4f. 
This work is introductory to an editwn of the Greek Text oj AnstotUs 
Rhetoric, which is in course of preparation. Its object is to render that 
trecUise thoroughly intelligible. The author hits aimed to illustrate, as 
preparatory to the detailed explanation of the work, the general bearings 
and relations of the Art of Rhetoric in itself, as well as the special mode of 
treating it adopted by Aristotle in his peculiar system. The evidence upon 
obscure or doubtful questions connected with the subject is examined ; and 
the relations which Rhetoric bears, in Aristotle's view, to the kindred art 
of Logic are fully considered. A connected Analysis of the -work is given, 
sometimes in the form of paraphrase ; and a few important matters are 
separately discussed in Appendices. There is added, as a general Appendix, 
by way of specimen of the antagonistic system of Isocrates and others, a 
complete analysis of the treatise called *'?rrropix'h ""pb? *Ax4^avSpoy, ivith a 
discussion of its authorship and of the probable results of its teaching. 

Cicero.— THE SECOND PHILIPPIC ORATION. With an 
Introduction and Notes, translated from the German of Karl 
Halm. Edited, with Corrections and Additions, by John E. B. 
Mayor, M.A., Fellow and Classical Lecturer of St. John's 
College, Cambridge. Third Edition, revised. Fcap. 8vo. 5^. 

TTiis volume opens with a List of Books useful to the Student of Cicero, 
including History, Chronology^ Lexicons, and some account of various 
editions, mostly German, of the worths of Cicero, TTke Introduction is 
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based on Ilalm : where Halm gives a reference to a classic, the pctssage has 
bun commonly printed at length ; where the reference is to HalnCs notes 
on other Ciceronian speeches, or to modern books, the additional matter has 
been incorporatai : and the numerous Greek quotations have been rendered 
into English. The English editor has further illustrated the work by 
addiiions drawn, Jor the most part, (i) from the ancient authorities ; (2) 
from his ownprwaie marginal references, and from collections ; (3) Jrom 
the notes of previous commentators, A coi>ious * argument^ is also given* 

THE ORATIONS OF CICERO AGAINST CATILINA. rWith 
Notes translated chiefly from Halm. By A. S. WiLKiNS, M.A. 
Fcap. 8vo. 3J". 6^. 

This edition is a reprint ~of the one prepared by Professor Halm for 
OretllUs Cicero. The historical introduction of Mr, Wilkins brings 
to ether all the details which are known respecting Catiline and his 
relations with the great orator, A list of passages where conjectures 
have been culmitted into the text, and also of all variations from the text 
of Kayser (1862) is added at the end. Finally the English Editor has 
subjoined a large number of notes, both original {distinguished by a 
square^ brackd) and selected from Curtius, Schleischer, Corssen, and 
other wdl-kncwn critics, an analysis of the orations, and an index. 

DEMOSTHENES ON THE CROWN. The Greek Text with 
English Notes. By B. Drake, M.A., late Fellow of King's 
College, Cambridge. Fourth Edition, to which is prefixed 
iESCHINES AGAINST CTESIPHON, with English Notes. 
Fcap. 8vo. 5j. • 

An Introduction discusses the immediate causes of the two orations, and 
their general charctcter. The Notes contain frequent references to the best 
authorities. Among the appendices at the end is a chronological table oj 
the life and public career ofyEschines and Demosthenes, 

Hodgson.— MYTHOLOGY FOR LATIN VERSIFICATION. 
A brief Sketch of the Fables of the Ancients, prepared to be 
rendered into Latin Verse for Schools. By F. Hodgson, B.D., 
late Provost of Eton. New Edition, revised by F. C. Hodgson, 
M.A. i8mo. 3J. 
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TJu hue Provost of Eton has here sullied a help to the composition of 
Latin Verse, combined with a brief introduction to Classical Mythology. 
In this new edition a few mistc^es have been rectified; rules have been 
euUUd to the Prosody ; and a more uniform system has been cuiopted with 
regard to the help afforded, 

Juvenal.— Thirteen Satires of JUVENAL. With a Commentary. 
By John E. B. Mayor, M.A., Fellow of St. John's College, 
Cambridge. Second Edition, enlarged. Part I. Crown 8vo. sewed. 
3J. 6d. 

T%e text is accompanied by a copious Commentary, For various notes 
the author is indebted to Professors Munro and Conington, All the 
citations have been taken anew from the original authors, 

Marshall. — a TABLE OF IRREGULAR GREEK VERBS 
classified according to the arrangement of Cur tins* Greek Grammar. 
By J. M. Marshall, M. A., Fellow and late Lecturer of Brasenose 
College, Oxford ; one of the Masters in Clifton College. 8vo. 
cloth, is. 
The system of this table has been borrowed from the excellent Greek 

Grammar of Dr, Curtius, 

Mayor (John E. B.)— first GREEK reader. Edited 

after Karl Halm, with Corrections and large Additions by John 

E. B. Mayor, M.A. Fellow and Classical Lecturer of St. John's 

College, Cambridge. Second and Cheaper Edition. Fcap. 8vo. 

4^. 6d, 

A selection oj short passages^ serving to illustrate especially the Greek 

Accidence, A good deal of syntax is incidentally taught ^ and Madvigand 

other books are cited, for the use of masters : but no learner is expected to 

know more of syntax than is contained in the Notes and Vocabulary. 

A preface ** To the Reader, ^^ not only explains the aim and method of 

the volume, but also deals with classical instruction generally. The 

extracts are uniformly in the Attic dialect, and any Hellenistic forms 

occurring in the original classic authors, such as ^lian and Polybius, 

have bun discarded in favour of the corresponding Attic expressions. 

This book may be used in connexion with Mayor's ** Greek for Beginners,^* 
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Mayor (Joseph B.)— greek for beginners. By the 

Rev. J. B. Mayor, M.A., Professor of Classical Literature in 
King's College, London. Part I., with Vocabulary, u. ^d. \ 
Parts II. and IIL, with Vocabulary and Index, 3J. 6df. ; complete 
in one vol., fcap. 8vo. cloth, 4r. (id. 

The distincime method of this hook consists in building up a ho^s 
knowledge of Greek upon the foundation of his knowledge oj English and 
Latin, instead of trusting everything to the unassisted memory. The 
forms and constructions of Greek heme been thoroughly compared with 
those of Latin y and no Greek words have been used in the earlier part oJ 
the book except such as have connexions either in English or Latin. Ecuh 
step leads naturally on to its successor, grammatical forms and rules are 
at once applied in a series of graduated exercises, accompanied by ample 
vocabularies. Thus the book serves as Grammar, Exercise book, and 
Vocabulary, Where possible, the Grammar has been simplified; the 
ordinary ten declensions are reduced to three, which correspond to the 
first three in Latin ; and the system of stems is adopted, A general 
Vocabulary, and Index of Greek words, completes the work, 

Peile (John, M.A.)— an introduction TO GREEK 

AND LATIN ETYMOLOGY. By John Peile, M. A., Fellow 
and Assistant Tutor of Christ's College, Cambridge, formerly 
Teacher of Sanskrit in the University of Cambridge. 8vo. lOf. td. 

These Philological Lectures are the result of Notes mctde during the 
author^ s reading during the last three or four years. These Notes were 
put into the shape of lectures, delivered at Chris fs College, during the last 
May term, as one set in the " Intercollegiate *' list. They are now printed 
with some additions and modifications, but substantially as they were 
delivered, 

Plato. — ^THE REPUBLIC OF PLATO. Translated into English, 
with an Analysis and Notes, by J. Ll. Davies, M.A., and D. J. 
Vaughan, M.A. Third Edition, with Vignette Portraits of Plate 
and Socrates, engraved by Jeens from an Antique Gem. l8mo. 
4r. 6d, 
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An introductory notice supplies some account of the life of PUUo^ and 
the translation is preceded by an elaborate analysis, ** The translators 
have,^* in the judgment of the Saturday Review, *^ produced a book which 
any reader^ whether acquainted with the original or not, can peruse with 
^leasttre as well as profit,^* 

Plautus (Ramsay).— THE mostellaria of plau- 

TUS. With Notes Critical and Explanatory, Prolegomena, and 
Excursus. By William Ramsay, M.A., formerly Professor ot 
Humanity in the University of Glasgow. Edited by Professor 
Geouge G. Ramsay, M.A., of the University of Glasgow. 8vo. 
I4.r. 

" The fruits oj that exhaustive research and that ripe and well-digested 
scholarship which its author broui^ht to bear upon everything that he 
undertook are visible throughout it. It is furnished with a complete 
apparatus of prolegome?tay notes^ and excursus; and for the use of veteran 
scholars it probably leaves nothing to be desired," — Pall Mall Gazette. 

Potts (Alex. W., M.A.)— HINTS TOWARDS LATIN 
PROSE COMPOSITION. By Alex. W. Potts, M.A., late 
Fellow of St. John's College, Cambridge ; Assistant Master in 
Rugby School ; and Head Master of the Fettes College, Edinburgh. 
Second Edition, enlarged. Extra fcap. 8vo. cloth. 3^. 

Those engaged in Classical teaching seem to be unanimously of the 
opinion that Composition in Latin Prose is not only the most efficient 
mdhod of acquiring a mastery of the Latin language^ but is in itself 
a valuable means of mental trainingy and an admirable corrective of some 
of the worst features in English writing. An attempt is here made to 
give students y after they have mastered ordinary syntactical rules, some idea 
of the characteristics of Latin Prose and the means to be, employed to 
reproduce them. Some notion of the trmtment of the subject may be 
gathered. Jrom the * Contents? Chap. I. — Characteristics of Classical 
Latin f Hints on turning English into Latin ; Chap. II. — Arrangement 
of Words in a Sentence ; Chap. III. — Unity in Latin IVosCy Subject and 
Object; Chap. IV , —On the Period in Latin Prose ; Chap. Y,— On the 
position of the Relative and Relative Clauses, 
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Roby.— A LATIN GRAMMAR for th^ Higher Classes in Grammar 
Schools. By H. J. Roby, M. A. \In the Press. 

Sallust.— CAII SALLUSTII CRISPI CATILINA ET JUGUR- 
THA. For Use in Schools. With copious Notes. By C. 
Merivale, B.D. (In the present Edition the Notes have been 
carefully revised, and a few remarks and explanations added.) 
Second Edition. Fcap. 8vo. 4J. td. 

The JUGURTHA and the CATILINA may be had separately, price 
2J. dd. each. 
This edition of Sallust^ prepared by the distinguished historian 0/ Rome, 
contains an introduction, concerning the life and works of Sallust, lists 
of the Consuls, and elaborate notes, 

Tacitus.— THE HISTORY OF TACITUS TRANSLATED 

INTO ENGLISH. By A. J. Church, M.A., and W. J. 

Brodribb, M.A. With Not^s. and a Map. Svo. 10s. 6d. 

The translators have endeavoured to adhere a^s closely to, the original as 

was thought consistent with a proper observance of English idiom. At 

the same time, it has been theit; aim to reproduce the precise expressions of 

the author. The campaign of Crvilis is elucidated in a note of some length, 

which is illustrated by a map^ containing the names of places and of tribes 

occurring in the work. There is also a complete account oj the Roman army 

as it was constituted in the tim^ of Tacitus. This work is characterised 

by the Spectator as ** a scholarly and faithfid translation.'^^ 

THE AGRICOLA AND GERMANIA OF TACITUS. A Revised 
Text, English Notes, and Maps. By Alfred J. Church, M. A., 
and W. J. Brodribb, M.A. Fcap. Svo. 3^. td. 

" PVe have endeavoured, with the aid of recent editions, thoroughly to 
elucidate the text, explaining the various difficulties, critical and gramma- 
ticalf which occur to the student. We have consulted throughouty besides 
the older commentators, the editions of Hitter and Ordli, but we are 
under special obligations to the labours of the recent German editors, Wex 
and Kritz** Two Indexes are appended, (i) of Proper Names^ (2) of 
Words and Phrases explained 
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Tacitus — continued. 

THE AGRICOLA and GERMANIA may be had separately, price 
2/. each. 

THE AGRICOLA AND GERMANIA. Translated into English 
by A. J. Church, M.A., and W. J. Brodribb, M.A. With 
Maps and Notes. Extra fcap. 8vOi. ij*. dd. 

The translators have sought to produce such a version cu may satisfy 
scholars who demand a faithflil rendering of the original^ and English 
readers who are offended by the baldness and frigidity which commonly 
disfigure translations. The treatises are accompanied by introductions ^ 
notes^ mapSf and a chronological summary. The Athenaeum says of this 
work that it is** a version at once readable and exacty which may bepertised 
with pleasure by all, and consulted with advantage by the classical student** 

Theophrastus. — the characters OF THEO- 

PHRASTUS. An English Translation from a Revised Text. 
With Introduction and Notes. By R. C Jebb, M.A., Public 
Orator in the University of Cambridge. Extra fcap. 8vo. 6j. 6<^. 

To the average English reader Theophrastus is little known. At the 
present time, when there is a general desire to see ancient life more Tmndly 
on every side from which it can illustrate our own, it seems possible that 
the charetcters of Theophrc^tus may possess some potent interest. The text 
has undergone careful revision. An Introduction supplies an account of 
the origin of the book, and of writers who have imitated it: as Hall, 
Sir TTiomcts Overbury, and others. The notes are for the most part 
selected from ancient sources, 

Thring.— Works by the Rev. E. THRING, M.A., Head Master 
of Uppingham School. 

A LATIN GRADUAL. A First Latin Construing Book for 
Beginners. By Edward Thring, M. A. New Edition, enlarged, 
with Coloured Sentence Maps. Fcap. 8vo. 2s, 6d, 

The Head Master of Uppingham has here sought to supply by easy steps 
a knowledge of grammar, combined with a good Vocabtdary, Passages 
Jtave been selected from the best Latin authors in prose and verse. These 
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Thring — continued, 

passages are gradually built up in their grammatical structure^ and 
finally printed in full, A short practical manual of common mood con' 
structionSy with their English equivalents^ forms a second part. 

A MANUAL OF MOOD CONSTRUCTIONS. Fcap.Svo. u. 6^. 
Treats of the ordinary mood constructions^ as found in the Latin^ Greeks 
and English languagesi 

A CONSTRUING BOOK. Fcap. 8vo. 2J. 6d, 

Thucydides.— THE SICILIAN expedition. Being Books 

Vi, and VII. of Thucydides, with Notes. A New Edition, revised 

and enlarged, with a Map. By the Rev, Percival Frost, M, A., 

late Fellow of St. John's College, Cambridge. Fcap. 8vo. 5j. 

This edition is mainfy a grammatical one. Attention is called to the 

force of compound verbs^ and the exact meaning of the various tenses 

employed, 

Virgil.— THE WORKS OF VIRGIL RENDERED INTO 
ENGLISH PROSE, with Introductions, Running Analysis, and 
an Index, by James Lonsdale, M.A. and Samuel Lee, M.A. 
Globe 8vo. 3^. 6^.; gilt edges, 4r. 6d, 

The preface of this new volume i^fortns us that " the original has been 
faithfully rettdered, and paraphrase altogether avoided. At the same tifne, 
the translators have endeavoured to adapt the book to the use of the 
English reader. Some amount qf rhythm in the structure of the sentence 
has been generally maintained; and^ when in the Latin the sound of the 
words is an echo to the sense {as so frequently happens in Virgil)^ an 
attempt has been made to produce the same result in English^ 

The general introduction gives us whatever is known of the poets life^ 
an esHmcUe of his genius^ an account of the principal editions and trans- 
lations of his works, and a brief view of the influence he has had on 
modem poets ; special introductory essays are prefixed to the**' Eclogues,*^ 
** Georgics" and ** ^neid." The text is divided into sections, each of 
which is headed by a concise analysis of the subject; the index contains 
references to aU the characters and events of any importance^ 
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Wright.— Works by J. WRIGHT, M.A., late Head Master of 
Sutton Coldfield SchooL 

HELLENICA ; OR, A HISTORY OF GREECE iN GREEK, as 
related by Diodorus and Thucydides ; being a First Gre^k Reading 
Book, with explanatory Notes, Critical and Historical Third 
Edition, with a Vocabulary. i2mo. ^j. 6d, 
In the last twenty chapters of this volume^ Thucydides sketches the rise 
and progress of the Athenian Empire in so clear a style and in such simple 
language^ that the editor has doubts whether any easier or more instruc- 
tive passages can be selected for the use of the pupil who is commencing 
Greek, This book includes a chronological table of the events recorded, 

A HELP TO LATIN GRAMMAR ; or, The Form and Use of Words 
in Latin, with Progressive Exercises. Crown 8vo. 4j. 6^. 

This book is not intended as a rival to any of the excellent Grammars 
now in use ; but as a help to enable the beginner to understand them, 

THE SEVEN KINGS OF ROME. An Easy Narrative, abridged 
from the First Book of Livy by t^e omission of Difficult Passages; 
being a First Latin Reading Book, with Grammatical Notes. 
With Vocabulary and Exercises. Fourth Edition. Fcap^ 8vo. 5j. 

This work is intendea to supply the pupil with an easy construing book, 
which may at the same time be made the vehicle for instructing him in the 
rules of grammar and principles of comtosition. The notes profess to 
teach what is commonly taught in grammars. It is conceived thai the 
tupil will learn the rules of construciiou of the language much more 
easily from separate examples, which are pointed out to him in the course 
of his reading, and which he may himself set down in his note-book ctfter 
some scheme of his own, than from a heap of quotations amassed for him 
by others. 

Or, separately, 

SEVEN KINGS OF ROME, y, 

VOCABULARY AND EXERCISES TO "THE SEVEN KINGS. 
is, 6d. 
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CLASSIC VERSIONS OF ENGLISH BOOKS, 

AND LATIN HYMNS. 

The following works are, as the heading indicates, 
classic renderings of English books. For scholars, and 
particularly for writers of Latin Verse, the series has a 
special value. The H)anni Ecclesiae are here inserted, as 
partly falling under the same class. 

Church (A. J., A.M.)— HOR^E TENNYSONIANiE, sive 
Eclogae e Tennysono. Latine redditse. Cura A. J. Church, 
A.M. Extra fcap. 8vo. 6j. 

Latin versions of Selections from Tennyson. Among the authors are 
the Editor^ the late Professor Conington^ Professor Seeley, Dr, Hessiyy 
Mr, Kebbely and other gentleman. 



Latham. — SERTUM SHAKSPERIANUM, Subnexis aliquot 
aliunde excerptis floribus. Latine reddidit Rev. H. Latham, M. A. 
Extra fcap. ovo. 5j. 

Besides versions of Shakspeare this volume contains ^ among other pieces ^ 
Grays ''Elegy,'' CampbeWs '* Hohenlinden,'' Wolffs *' Burial of Sir 
John Moorey* and selections from Cowper and George Herbert, 



Lyttelton.— THE COMUS OF MILTON, rendered into Greek 
Verse. By Lord Lyttelton. Extra fcap. 8vo. 5^. 

THE SAMSON AGONISTES OF MILTON, rendered into Greek 
Verse. By Lord Lyttelton, Extra fcap. 8vo. 6s, 6d, 

Merivale. — KEATS' HYPERION, rendered into Latin Verse. 
By C. Merivale, B.D. Second Edit. Extra fcap. 8vo. ^s, td. 
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Hymni Ecclesise. — Edited by Rev. Dr, Newman. Extra 
fcap. Sva *ls, 6d, 

Hymns of the Mediaval Church, The first Part contains selections 
from the Parisian Breviary ; the second from those of Rome^ Salisbury, 
and York, 

Trench (Archbishop). — sacred latin poetry, 

chiefly L3rricaly selected and arranged for Use ; with Notes and 
Introduction. Fcap. 8vo. 7j. 

Jn this work the editor has selected hymns of a catholic religious 
sentiment that are common to Christendom^ while rejecting those of a 
distinctively Romish character. 
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Airy. — ^Works by G. B. AIRY, Astronomer Royal :— 

ELEMENTARY TREATISE ON PARTIAL DIFFERENTIAL 
EQUATIONS. Designed for the Use of Students in the Univer- 
sities. With Diagrams. Crown 8vo. cloth. 5J-. 6^. 

// is hoped that the methods of solution here explained^ and the instances 
exhibited^ will be found sufficient for application to nearly all the important 
problems of Physical ScieneCt which require for their complete investigation 
the aid oj Partial Differential Equations, 

ON THE ALGEBRAICAL AND NUMERICAL THEORY OF 
ERRORS OF OBSERVATIONS AND THE COMBINA- 
TION OF OBSERVATIONS. Crown 8vo. cloth, ^s, 6d, 

In order to spare cutronomers and observers in natural philosophy the 
confusion and loss of time which are produced by referring to the ordinary 
treatises embracing both branches of probahilities {the first relating to 
chances which can be altered only by the changes of entire units or in- 
tegral multiples of units in the fundamental conditions of the problem ; 
the other concerning those chances which have respect to insensible grada- 
tions in the value of the element measured) the present tract has been Jrcnvn 
up. It relates only to errors of observation^ and to the rules, derivable 
from the consideration of these errors, for the combination of the results 
of observations* 
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Airy (G. B.) — continued* 

UNDULATORY THEORY OF OPTICS. Designed for the Use of 

Students in the University. New Edition. Crown 8vo. cloth. 

dr. 6d, 
The undulaiory theory of optics is presented to the reader tis having the 
same claims to his attention as the theory of gravitation : namely^ that it is 
certainly tmei and that, by mathematical opercUions of general degance^ it 
leads to results of great interest. This theory explains with accuracy a 
vctst variety of phenomena of the most complicated kind. The plan of this 
tract has been to include those phenomena only which ctdmii of calculation^ 
and the investigations are applied only to phenomena which cutually have 
been observed, 

ON SOUND AND ATMOSPHERIC VIBRATIONS. With the 
Mathematical Elements of Music. Designed for the Use of Students 
of the University. Crown 8vo. 9J. 
This volume consists of sections^ which again are divided into numbered 
articles^ on the following topics : General recognition of the air as the 
medium which conveys sound ; Properties of the air on which the forma' 
tion and transmission of sound depend ; Theory of undulations as applied 
to sounds dr'c. ; Investigation of the motion of a wave of air through the 
atmosphere ; Transmission of waves of soniferous vibrations through dif- 
ferent gases, solids, and fluids ; Experiments on the velocity of sound, 
&^c, ; On musical sounds, and the manner of producing them ; On the 
elements of musical harmony and melody^ and of simple musical composi- 
tion ; On instrumental music; On the human organs of speech and 
hearing, 

A TREATISE ON MAGNETISM. Designed for the use of 
Students in the University. Crown 8vo. 9^. 6d, 

Airy (Osmund.) — a TREATISE ON GEOMETRICAL 

OPTICS. Adapted for the use of the Higher Classes in Schools. 

By Osmund Airy, B.A., one of the Mathematical Masters in 

Wellington College. Extra fcap. 8vo. 3^. 6d, 

" This is, I imagine, the first time that any attempt has been made to 

adapt the subject of Geometrical Optics, to the reading of the higher 

classes in our good schools. That this should be so is the more a matter 
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tor remark^ since the subject wotUd appear to be peculiarly fitted for such 

an adaptation I have endeavoured^ as much as possible, to avoid 

the example of those popular lecturers who explain difficulties by ignoring 
them. But as the nature of my design necessitated brevity, I have omitted 
entirely one or two portions of the subject which I considered unnecessary 
to a clear understanding of the rest, and which appear to me better learnt 
at a more advanced stage." — Author's Preface. 

Bayma.— THE ELEMENTS OF MOLECULAR MECHA- 
NICS. By Joseph Bayma, S. J., Professor of Philosophy, 
Stonyhurst College. Demy 8vo. cloth, icxf. 6d, 
Of the twelve Books into which the present treatise is divided, the first 
and second give the demonstration of the principles which bear directly on 
the constitution and the properties of matter. The next three books contain 
a series of theorems and of problems on the laws of motion of elementary 
substances. In the sixth and seventh, the mechanical constitution ofmole- 
odes is investigated and determined : and by it the general properties of 
bodies are explained. The eighth book treats of luminiferous ather. The 
ninth explains some special properties of bodies. The tenth and eleventh 
contain a rctdical and lengthy investigation of chemical principles and 
relations, which may lead to practiced results of high importance. The 
twelfth and last book treats of molecular masses, distances, and powers. 

Beasley.— AN elementary treatise on plane 

TRIGONOMETRY. With Examples. By R. D. Beasley, 

M. A., Head Master of Grantham Grammar School. Second 

Edition, revised and enlarged. Crown 8vo. cloth. 3^. 6^. 

This treatise is specially intended for use in schools. The choice of matter 

has been chiefly guided by the requirements of the three days^ examination 

at Cambridge. About four hundred examples have been added to this edition, 

mainly collected from the Examination Papers of the last ten years. 

Boole. — Works by G. BOOLE, D.C.L., F.R.S., Professor of 
Mathematics in the Queen's University, Ireland. 

A TREATISE ON DIFFERENTIAL EQUATIONS. New and 
Revised Edition. Edited by I. Todhunter. Crown 8vo. cloth. 
\\s. 
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Boole (G., D.C.L.) — continued. 

Professor Boole has endeavoured in this treatise to convey as complete an 
accountof the present state of knowledge on thu subject of Differential Equa- 
tionSf as was consistent Tvith the idm of a work intended^ primarily, for 
elementary instruction. The earlier sections of each chapter contain that 
kind of matter which has usually been thought suitable for the beginner^ 
while the latter ones are devoted either to an account of recent discovery , or 
the discussion of such deeper questions of principle as are likely to present 
themselves to the rejlectrve student in connexion with the methods and 
processes of his previous course. 
A TREATISE ON DIFFERENTIAL EQUATIONS. Supple- 

mentary Volume. Edited by I. Todhunter. Crown 8vo. cloth. 

8j. 6</. 
This volume contains all that Professor Boole wrote for the purpose of 
enlarging his treatise on Differential Equations. 

THE CALCULUS OF FINITE DIFFERENCES. Crown 8vo. 
doth. los. 6d. 
In this exposition of the Calculus of Finite Differences, particular attention 
has been paid to the connexion of its Methods with those of the Differential 
Calculus — a connexion which in some instances involves far more than a 
merely formal analogy. The work is in some measure designed as a 
sequd to Professor BooUs Treatise on Differential Equations. 

CAMBRIDGE SENATE-HOUSE PROBLEMS AND RIDERS, 

WITH SOLUTIONS :— 

1848-1851.— PROBLEMS. By Ferrers and Jackson. 8vo. 
cloth. 1 5 J. dd. 

1848-1851.— RIDERS. By Jameson. 8vo. cloth, yj. 6</. 

1854. — PROBLEMS AND RIDERS. By Walton and 
Mackenzie. 8vo. doth. los. 6d. 

1857. — PROBLEMS AND RIDERS. By Campion and 
Walton. 8vo. cloth. 8r. 6d, 

i86a— PROBLEMS AND RIDERS. By Watson and Routh. 
Crown 8vo. cloth. 7"^' ^^ 

1864.— PROBLEMS AND RIDERS, By Walton and Wil- 
kinson. 8vo. doth. 10s. 6d, 
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Boole (G., D.C.Lr.) — continued. 

These volumes will be found of great value to Teachers and Students, as 
indicating the style and range of mathematical study in the University of 
Cambridge* 

CAMBRIDGE COURSE OF ELEMENTARY NATURAL 
PHILOl^OPHY, for th€ D^^ree of B. A. Originally compiled by 
J. C. Snowball, M.A., late Fellow of St John's College. 
Fifth Edition, revised and enlarged, and adapted for the Middle- 
Class Examinations by Thomas Lund, B.D., Late Fellow and 
Lecturer of St John's College, Editor of Wood's Algebra, &c. 
Crown 8vo. cloth. 5^. 
This work will be found adapted to the wants, not only of University 
Students, but also of many others who require a short course -of Mechanics 
and Hydrostatics, and especially of the candidates at our Middle Class 
ExamincUions, At the end of ecu:h chapter a series of easy questions is 
added for the exercise of the student. 

CAMBRIDGE AND DUBLIN MATHEMATICAL JOURNAL. 
The Complete Work, in Nine Vols. 8vo. doth, 7/. 4^. 
Only a few copies remain on hand. Among Contributors to this 
work will be found Sir W, Thomson, Stokes, Adams, Boole, Sir W, R^ 
Hamilton, De Morgan, Cayley, Sylvester, Jdlett, and other distinguished 
mathematicians^ 

Candler.— HELP TO ARITHMETIC. Designed for the use of 
Schools. By H. Candler, M.A, Mathematical Master of 
Uppingham School. Extra fcap. 8vo. 2^. 6d» 

This work is intended as a companion to any text book that may be 
in use. 

Cheyne. — AN ELEMENTARY TREATISE ON THE 

PLANETARY THEORY. With a Collection of Problems. 

By C. H. H. Cheyne, M.A., F.R.A.S. Second Edition. Crown 

8vo. doth dr. 6d. 

In this volume, an attempt has been made to produce a treatise on the 

Planetary theory, which, being elementary in character, should be S9 far 

complete, as to contain all that is usually required by students in the 

University of Cambridge. This Edition has been carefully revised. The 

stability of the Planetary System has been more fully treated, and an 

B 
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leyne {C. H. H., M.A. F.R.A.S.)— a-fiAWwaf. 



IE EARTH'S MOTION OF ROTATION. By C H. H. 

Cheyne, M.A.. F.R.A.S. Crown 8to. 3j. 6rf. 
T%t first part ofthit Tvari cimsiili of an applkalion of tbi nathodefthe 
iation fff iltmenfs to the general problem of rotation. In the lecend 
■t the general rotation fm-mula art applied to the particular cast of 

lilde — THE SINGULAR PROPERTIES OF THE ELLIP- 
SOID AND ASSOCIATED SURFACES OF THE Nth 
DEGREE. By the Rev. G. F. Childe, M.A., Author of 
" Ray Surfaces," " Related Caustics," &c. Svo. lot. dd. 

The object of this volume is to develop peculiarities in the Ellipsoid ; 

i, further, to establish analogous properties in the unlimited congeneric 

its of which this remarkable surface is a constituent. 

iristie. — A COLLECTION OF ELEMENTARY TEST- 
QUESTIONS IN PURE AND MIXED MATHEMATICS ; 
with Answers and Appendices on Sjmthetic Division, and on the 
Solution of Numerical E<iualions by Homer's Method. By James 
E, Christie, F.R.,S., late First Maihematical Master at the 
Royal Military Academy, Woolwich. Crown Svo. cloth. 6s. 6d. 
The series of MathemaHral exercises here offered to the public is collated 
im those which the author has, from time to lime, proposed for solution 
his pupils during a long career at the Royal Military Academy. A 
■dent ■who finds thai he is able to solve ike larger portion of these exercises. 
If consider that he is thoroughly -wdl grounded in the elementary prin- 
'les of pure and mixed Mathematics. 

alton ARITHMETICAL EXAMPLES. Progressively 

arranged, with Exercises and Examination Papers. By the Rev, 
T. Dalton, M.A., Assistant Master of Eton College. l8mo. 
cloth. 2s. 6d. Ansaiers to the Examples art appended. 
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Day. — PROPERTIES OF CONIC SECTIONS PROVED 
GEOMETRICALLY. PART I., THE ELLIPSE, with 
Problems. By the Rev. H. G. Day, M.A., Head Master of 
Sedburgh Grammar School. Crown 8vo. y, td. 

The object of this book is the introduction of a treatntent of Conic 
Sections which should be simple and natural^ and lead by an easy transi- 
tion to the analytical methods^ without departing from the strict geometry 
of Euclid, 

DodgSOn. — AN ELEMENTARY TREATISE QN DETER- 
MINANTS, with their Application to Simultaneous Linear 
Equations and Algebraical Geometry. By Charles L Dodgson, 
M.A., Student and Mathematical Lecturer of Christ Church, 
Oxford. Small 4to. cloth" los, 6d, 

The object of the author is to present the subject as a continuous chain of 
argument, separated from all accessories of explanation or illustration. 
All such explanation and illustration as seemed necessary for a beginner 
are introduced either in the form of foot-notes, or, where that would have 
occupied too much room, of Appetidices, 

Drew. — GEOMETRICAL TREATISE ON CONIC SEC- 
TIONS. By W. H. Drew, M. A., St. John's CoUege, Cambridge. 
Fourth Edition. Crown 8vo. cloth. 45-. dd. 

In this work the subject of Conic Sections has been placed before the student 
in such a form that, it is hoped, after mastering the elements of Euclid, he 
may find it an easy and interesting continuation of his geometrical studies. 
With a view, also, of rendering the work a complete manual of what is 
required at the Universities, there have either been embodied into the text or 
inserted among the examples, every book-work question, problem, and ridei', 
which fujLS been proposed in the Cambrids[e examinations up to the present 
time. 

SOLUTIONS TO THE PROBLEMS IN DREW'S CONIC 
SECTIONS. Crown 8vo. cloth, /^s. 6d. 

B 2 
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Edgar (J. H.) — ^note-book on practical solid 

GEOMETRY. Containing Ptoblems with bdp for Solutions. By 
J. H. Edgar, M.A. Lecturer on Mechanical Drawing at the 
Royal School of Mines. 4to. 2s, 

In teaching a large class^ if the method of lecturing and demonstrating 
from the black board only is pursued^ the more intelligent students have 
generally to be kept back^ from the nxessity of frequent repetition^ for t?u 
sake of the less promising; if the plan of setting problems to each pupil is 
adopted^ the teacher finds a difficulty in giving to each sufficient attention, 
A judicious combination of both methods is doubtless the best ; and it is 
hoped that this result may be arrived at in som^ degree by the use of this 
book^ which is simply a collection of examples, with helps for solution^ 
arranged in progressive sections, 

Ferrers.— AN elementary treatise on trilinear 

CO-ORDINATES, the Method of Reciprocal Pplars, and the 
Theory of Projectors. By the Rev. N. M. Ferrers, M. A., Fellow 
and Tutor of GonviUe and Caius College, Cambridge. Second 
Edition. Crown 8vo. 6^. dd. 

The object of the author in writing on this subject has mainly been to 
place it on a bctsis altogether independent of the ordinary Cartesian system^ 
instead of regarding it as only a special form of Abridged Notaiien. 
A short chapter on Determinants has been introduced. 

Frost.— THE FIRST THREE SECTIONS OF NEWTON'S 
PRINCIPIA. With Notes and Illustrations. Also a collection of 
Problems, principally intended as Examples of Newton's Methods. 
By Percival Frost, M.A., late Fellow of St. John's College, 
Mathematical Lecturar of King's College, Cambridge. Second 
Edition. 8vo. cloth. lor. 6d, 

The author's p7 incipal intention is to explain difficulties which may be 
encountered by the student on first reading the Principia, and to illustrate 
the advantages of a careful study of the methods employed by Newton^ by 
showing the extent to which they may be applied in the solution of problems ; 
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A€ has also endeavoured to give assistance to the student who is engag^ in 
the study of the higher hranches of mathematics^ by representing in a 
geometrical form severed of the processes employed in the Differential ana 
Integral Calculus^ and in the analyticcU investigations of Dynamics^ 

Frost and Wolstenholme. — a treatise on solid 

GEOMETRY. By Pkrcival Frost, M.A., and the Rev. J. 
Wolstenholme, M.A., Fellow and Assistant Tutor of Christ's 
College. 8vo. cloth, i&f. 

The authors hcpve endeavoured to present before students as comprehensive 
a view of the subject as possible. Intending to make the subject accessible, 
at least in the earlier portion, to all classes of students, they have endea' 
voured to explain completely all the processes which are most useful in 
dealing with ordinary theorems and problems, thus directing the student 
to the selection of methods which are best adapted to the exigencies of each 
problem. In the more difficult porttans of the subject, they have considered 
themselves to be addressing a higher class of students ; and they have there 
tried to lay a good foundation on which to build, if any reader should 
wish to pursue the science beyond the limits to which the work extends, 

Godfrey.— A TREATISE ON ASTRONOMY, for the Use of 

Colleges and Schools. By Hugh Godfray, M.A., Mathematical 

Lecturer at Pembroke College, Cambridge. 8vo. cloth. I2j. ^. 
« 
This book embraces all those branches of Astronomy which have, from 

time to Hme, been recommended by the Cambridge Board of Mathematical 

Studies : but by far the larger and easier portion, adapted to the first three 

days of the Examination for Honours, may be read by the more 

advanced pupils in many of our schools. The author* s aim has been to 

comjey clear and distinct idects of the celestial phenomena, 

AN ELEMENTARY TREATISE ON THE LUNAR THEORY, 
with a Brief Sketch of the Problem up to the time of Newton. 
By Hugh Godfray, M.A. Second Edition, revised. Crown 
8vo. doth. > $s. td. 
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These pages willy it is hoped^ form an introduction to more recondite 
works. Difficulties have been discussed at considerable length. The 
selection of the method followed with regard to analytical solutions, 
which is the same as that of Airy, Herschel, &*c. was made on ctccount 
of its simplicity ; it iSy moreover y the method which has obtained in the 
University of Cambridge, 

Hemming.— AN ELEMENTARY TREATISE ON THE 
DIFFERENTIAL AND INTEGRAL CALCULUS, for the 
Use of Colleges and Schools. By G. W. Hemming, M.A., 
Fellow of St. John's College, Cambridge. Second Edition, with 
Corrections and Additions. 8vo. cloth. 9^. 

Jones and Cheyne.-^ALGEBRAICAL EXERCISES. Pro- 
gressively arranged. By the Rev. C. A. Jones, M. A., and C. H. 
Cheyne, M.A., F. R. A. S., Mathematical Masters of Westminster 
SchooL New Edition. i8mo. cloth. 2s. (>d. 

This little book is intended to m^ a difficulty which is probably fdt more 
or less by all engaged in teaching Algebra to beginners. It iSy that while 
new ideas are being acquiredy old ones are forgotten. In the belief thai 
constant practice is the only remedy for thisy the present series of miscel- 
laneous exercises has been prepared. Their peculiarity consists in this^ 
thcU though miscellaneous they are yet progressivey and may $t used by 
the pupil almost from the commencement of his studies. They are not 
intended to supersede the systeMoHcally arranged examples to be found in 
ordinary treatises on Algebra; but rather to supplement them. 

The book being intended chiefly for Schools and Junior Students^ the 
higher parts of Algebra have Hot been included, 
• 

Kitchener. — a GEOMEtRICAL NOTE-BOOK, containing 
Easy Problems in Geometrical Drawing preparatory to the Study 
©f Geometry. For the Use of Schools. By F. E. Kitchener, 
M. A., Mathematical Master at Rugby. 4(0. 25, 
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Jt is the object of this book to make someway in overcoming the difficulties 
of Geometrical conception^ before the mind is called to the attack 0/ 
Geometrical theorems, A few simple methods of construction are given ; 
and space is left on each page^ in order that the learner may draw in the 
figures, 

Morgan.— A COLLECTION OF PROBLEMS AND EXAM- 

PLES IN MATHEMATICS. With Answers. By H. A. 

Morgan, M.A., Sadlerian and Mathematical Lecturer of Jesus 

College, Cambridge. Crown 8vo. cloth. 6s, 6d, 

This book contains a number of problems, chiefly elementary, in the 

Mathematical subjects usually read at Cambridge, They have been 

selected from the papers set during late years at Jesus College, Very few 

of them are to be met with in other collections, and by far the larger 

number are due to some of the most distinguished Mathematicians in the 

University, 

Parkinson. — Works by S. Parkinson, D.D., F.R.S., Fellow and 
Tutor of St John's College, Cambridge. 

AN ELEMENTARY TREATISE ON MECHANICS. For Oie 
Use of the Jumor Classes at the University and the Higher Classes 
in Schools. With a CoHection of Examples. Fourth edition, revised. 
Crown 8vo. cloth. 9J. 6d, 

In preparing a fourth edition of this work the author hcts kept the same 
object in view as he had in the former editions — namely, to include in it 
such portions of Theoretical Mechanics as can be conveniently investigated 
without the use 0/ the Differential Calculus, and so render it suitable as 
a manual for the junior classes in the University and the higher classes 
in Schools, With one or two short exceptions f the student is ftot presumed 
to require a knowlaige oj any branches of Mathematics beyond the elements 
of Algebra, Geometry, and Trigonometry, Several additioncU propositions 
have been incorporated in the work for the purpose of rendering it more 
complete; and the collection of Examples and Problems has been largely 
increcised. 
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inn Of txamples and frebltirts has ban apptndtd te thit vmri, 
nigUiently rmmetous and varUd in eharatltr U afford usiful 
the itudcnt. For the greater part of tkem, recowst has beett 
Examination Papers set in the University and the several 
Hng the last ttaenly years, 

-ELEMENTARY HYDROSTATICS. Willi Numerous 
>Ies. Bj J. B. Phrar, M.A^ Fellow and late Asastant 
of Clare CoU^^ Cambridge. Fourth Edition. Crown 
k>th. t^.^. 

'tien has heen car^lly revisit/ throughout, and many nna 
I and examples added, vihich it is hopal vrill ineratse its 
'o students at Ike UniversUies and in Schools. Jn accardante 
tliofis from many engaged in tuition, answers tv all the 
iavi been given at the end of the bgok. 

a treatise on attractions, laplace's 
;tions, and the figure of the earth. 

HN H. Pratt, M.A., Archdeacon of Calcutta, Author of 
Mathematical Priodples of Mechanical Philosophy." Third 
[u Crown Svo. doth. &t. 6rf. 

ioi^s chief design in this treatise is la give an answer to the 
Has the Earth aeguired its present form from being originally 
tatei" This Edition is a complete revision of the former ones. 

—AN ELEMENTARY TREATISE ON CONIC SEC 
S AND ALGEBRAIC GEOMETRY. With Numerous 
)les and Hints for their Solution ; especially deigned for the 
f Beginners. By G. H. Puckle, M.A., Head Master of 
rmere College. New Edition, revised and enlaced. Crom 
loth. ^s. 6d. 
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Tliis work is recommended by the Syndicate of the Cambridge Local 
Examinations^ and is the text-book in Harvard University, U,S, 



Rawlinson.— ELEMENTARY STATICS, by the Rev. George 
Rawlinson, M. a. Edited by the Rev. Edward Sturges, M. A. , 
of Emmanuel College, Cambridge, and late Professor of the Applied 
Sciences, Elphinstone College, Bombay. Crown 8vo. cloth. 4r. 6</. 

Published under the authority of Her Majesty's Secretary of State for 
India, for use in the Government Schools and Collies in India, 

Reynolds.— MODERN methods in elementary 

GEOMETRY. By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College. Crown 8vo. 3J. GaT. 

Some change, it is evident, in our English ways of teaching can now no 
longer be postponed, and this little book, mainly derived from French and 
German sources, has been written in the hope of facilitating that change* 
It has been constructed on one plan throughout, that of always giving in 
the simplest possible form the direct proof from the nature of the case. The 
axiome necessary to this simplicity have been assumed without hesitation, 
and no scruple has been felt as to the increase of their number, or the 
acceptance of as many elementary notions as common experience places 
past all doubt. 

The book dijfers most from established teaching in its constructions, and 
in its early application of Arithmetic to Geometry, 



Routh.— AN ELEMENTARY TREATISE ON THE DYNA- 
MICS OF THE SYSTEM OF RIGID BODIES. With 
Numerous Examples. By Edward John Routh, M.A., late 
Fellow and Assistant Tutor of St. Peter's College, Cambridge; 
Examiner in the University of London. Second Edition, enlarged. 
Crown 8vo. doth. 14/. 
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In this edition the author has made several additions to each chapter. 
He hcts triedj even at the risk of some little repetition^ to make each 
chapter, as far as possible, complete in itself, so that all that relates to any \ 

one part of the subject may be found in the sam£ place. This arrangement 
will enable every student to select his own order in which to read the 
subject. The Examples which will be found at the end of each chapter 
have been chiefly selected from the Examination Papers which have been 
set in the University and the Colleges in the last few years. 

Smith (Barnard).— Works by BARNARD SMITH, M.A., 
Rector of Glaston, Rutlandshire, late Fellow and Senior Bursar 
of St. Peter's College, Cambridge. 

ARITHMETIC AND ALGEBRA, in theit Principles and Applica- 
tion ; with numerous sjrstematically arranged Examples taken from 
the Cambridge Examination Papers, with especial reference to the 
Ordinary Examination for the B.A. Degree. Tenth Edition. 
Crown 8vo. cloth. lar. 6d, 

This manual is now extensively used in Schools and Colleges^ both in 
England and in the Colonies. It has also beenjoiind of great serznce for 
students preparing for the Middle Class and Civil and Military Service 
Examinations, from the care tkcU has been taken to elucidate the priiiciples 
of all the rules. The present edition hcts been carefully revised. ** l^o 
all those whose minds are suficiently develops to comprehend the simplest 
mathematical reckoning, and who have not yet thoroughly mastered the 
principles of Arithmetic and Algebra, it is calculated to be o^ great 
advantage, " — Athenaeum. 

Of this work, also, one of the highest possible authorities, the late Dean 
Peacock, writes: "Mr. Smithes work is a most useful publication. The 
rules are stated with great clearness. The examples are well selected, and 
worked out with just sufficient detail, tvithoui being encumber^ by too 
minute explanations; and there prevails throughout it that just proportion 
oj theory and practice^ vfhich is the crowning excellence of an elementary 
work,** 
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Smith (Barnard) — continued. 

ARITHMETIC FOR SCHOOLS. New Edition. Crown 8vo. 
cloth. 4^. (id. 

Adapted from the author's work on *^ Arithmetic and Algebra^* by the 
omission of the algAraic portion^ and by the introduction of new exercises. 
TTie recLson of each arUhmetical process « fully exhibited. The system of 
DecimcU Coinage is explained ; and answers to the exercises are appended 
at the end. This Arithmetic is characterised as ^^cuimirably adapted for 
instruction, combining just sufficient theory with a large and well-selected 
collection of exercises for practice,'*^ — Journal of Education. 

COMPANION TO ARITHMETIC FOR SCHOOLS. 

[Preparing, 

A KEY TO THE ARITHMETIC FOR SCHOOLS. Seventh 
Edition. Crown 8vo. cloth. %s, 6d, 

EXERCISES IN ARITHMETIC With Answers. Crown 8vo. limp 
cloth. 2s, dd. 
Or sold separately, Part I. i^. ; Part II. \s, ; Answers, 6d, 

These Exercises have been published in order to give the pupil examples 
in evrry rule of Arithmetic. The greater number have been carefully 
eoinpiird from the latest University and School Examination Papers, 

SCHOOL CLASS-BOOK OF ARITHMETIC. iSmo. cloth. 3^. 
Or sold separately, Parts I. and 11. lod, each ; Part III. is. 

This manual, published at the request of many schoolmasters, and 
chiefly intended for Natwnal and Elementary Schools, has been prepared 
on the same plan as that adopted in the authoi^s School Arithmetic, which 
is in extensive circulation in England and abroad. The Metrual Tables 
have been ititroduced, from the conviction on the part of the authot, that 
the knozuledge of such tables, and the mode of applying them, will be oj 
p'eat use to the rising generation, 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC. Com- 
plete in one volume, iSmo. cloth, dr. dd, ; or Parts I. IL and III. 
2j. 6^. each. 
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Smith (Barnard) — continued. 

SHILLING BOOK OF ARITHMETIC FOR NATIONAL AND 
ELEMENTARY SCHOOLS. iSmo. cloth. Or separately. 
Part I. ad. ; Part H. yi. ; Fort IIL ^d. Answers, (u£ 

THE SAME, with Answers complete. tSmo.idoth. u. id. 

nil SiilHitg Book ff ArUkmetic has btm prtpand frr the KW ly 
NaHonal and elher ichaeli at the urgmt nquat of numrroia matterj o/ 
sehools both at home and inroad. Tie Explanalians oj Ike Rules, and 
the Examples will, it is hofed, bt found luiled to the most e/ementary 

KEY TO SHILLING BOOK OF ARITHMETIC. iSmo. cloth. 

EXAMINATION PAPERS IN ARITHMETIC. iSmo. doth. 
II. 6d. The same, with Answers, iSmo. ii. gd. 

The object of these Examination Papers is to test students toth in the 
theory ami pTOitiit of Arithmtiie. It is hoped that the method adopted 
will lead students to deduce results from general printiples rather than 
to apply slated rules. The author believes that the practice of giving 
examples under parlieular rules makes the working of Arithmetic quite 
mechanical, and tends to thrmu all bat very clever boys off' their balance 
vihen a general paper on the subject is put before them. 

KEY TO EXAMINATION PAPERS IN ARITHMETIC. 
iSmo. doth. 4J. bd. 

Smith (J. Brook). — arithmetic IN THEORY AND 
PRACTICE, FOR ADVANCED PUPILS. By J. Brook 

Smith, M.A. Part I. Crown Svo. y. 6d. 

The pillowing pages form the frsi pari of a Treatise on Arithmetic, in 

which the Author has endeavoured from very simple principles to explain, 

in a full and satisfactory /nanner, all the more important processes in 

that subject. The proofs have in all eases been given in a form eniirdy 



MATHEMATICS. 29 

arithmHical^ and at the end of every chapter several examples hofve been 
worked out at lengthy and the best practical method of operation carefully 
pointed out. 

Snowball.— THE elements of plane and SPHERI- 

CAL TRIGONOMETRY; with the Construction and Use of 
Tables of Logsuithms. By J. C. Snowball, M.A. Tenth Edition. 
Crown 8vo. cloth, 'js. 6d, 

In preparing the present edition for the press, the text has been 
subjected to a careful revision ; the proofs of some of the more impor^ 
tant propositions have been rendered more strict and general; and a 
considerable addition of more than two hundred examples, taken princu- 
pally from the questions set of late years in the public examinations of the 
University and of individual Colleges, has been mcuie to the collection of 
Examples and Problems for practice, 

Tait and Steele.— a treatise on dynamics of a 

PARTICLE. With numerous Examples. By Professor Tait and 
' Mr. Steele. New Edition Enlarged. Crown 8vo. cloth. lOf. dd. 

In this treatise will be found all the ordinary propositions, connected 
with the Dynamics of Particles, which can be convenikntly deduced without 
the use of VAiembert'*s Principle, Throughout the book will be found a 
number of illustrative examples introduced in the text, and for the most 
part completely worked out; others with occasional solutions or hints to 
assist the student are appended to each chapter. For by far the greater 
portion of these, the Cambridge Senate-House and College Examination 
Papers have been applied to, 

Taylor.— GEOMETRICAL CONICS; including Anharmonic 
Ratio and Projection, with numerous Examples. By C. Taylor, 
B. A., Scholar of St. John's College, Cambridge. Crown 8vo. cloth. 
7j. (id. 

This work contains elementary proof s of the principal properties of Conic 
Sections, together with chapters on Projection and Anhctrmonic Ratio, 
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;bay.— ELEMENTARY MENSURATION FOR SCHOOLS. 
With nomeroua Examples. By Skptimus Tebay, B.A., Head 
Mister of Queen Elizabeth's Grammar School, Rivington. Extra 
fcap. 8vo. 31. ^d. 
The object of tht present iiiork is to enable Styj to aejuiri a moderate 
r-jiledgi af Mensuration in a reasonable tmtt. All difficult and usdeis 
iter has been avoided. The fxampla far the most part are easy, end 
rules are coniise. 

)dhunter. — Wotks by l. TODHUNTER, M.A., F.K.S., ■ 

of St John's College, Cambridge. 

:E ELEMENTS OF EUCLID. For lie Use of Colli^ea and 

Schools. New Edition. l8mo. cloth. 31. 6d. 
is the elements of Euclid are usually placed in the hands of young 
lents, it is important to exhibit the work in such a form as will assist 
<t in overcoming the diffiatlties which they experimci on their first in- 
duction to processes if continuous argument, JVo method appears to ie 
se/u! as that of ireaiing up the demonstrations into their constituent 
Is; a plan strongly recommended by Professor De Morgan. In tht 
eat Edition each distinct assertion in the argument begins a mw line : 
' at the ends of tht lines are placed the necessary references te tht 
eding principles on which the assertions depend. The longer proposi- 
s are distributed into subordinate parts, which are distinguished by 
is at the beginning of the lines. Notes, appendix, and a coUectian 9/ 

NSURATION FOR BEGINNERS. With Numerous Examples. 
iSmo. cloth. 2J'. dd. 
"he subjects included in the present wort are those which have usually 
id a place in Elementary Treatises on Mensuration. TTie mode' of 
Iment has been determined by the fact that the wiirk is intended for the 
f banners. Accordingly it is divided into short independent chapters, 
ri ca^t follcnoed by appropriate examples. A knaioledge of the elements 
\rithmetic is all thai is assumed; and in connexion with most of the 
a of Mensjiration it has been found practicable to give such explana- 
' and dlustrations as will supply the place of formed mathematical 
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demonstrations, which would have keen unsuitable to the character of the 
work, 

ALGEBRA FOR BEGINNERS. With numerous Examples. New 
Edition. i8mo. cloth. 2s, 6d* 

Great pains have bft;n taken to render this work intelligible to young 
studentSy by the use of simple language and by copious explanations, Jn 
determining the subjects to be included and the space to be assign&i to ecLch, 
the Author has been guided by the papery given at the various examinations 
in elementary Algebra which are now carried on in this country. The 
book may be said to consist of three parts. The first part contains the 
elementary operations in integral and fractional expressions; the second 
the solution of equations and problems ; the third treats of various subjects 
which are introduced but rarely into examination papers, and are more 
briefly discussea. Provision f^as at the same time been m^e for the 
introduction ofectsy equations and problems at an early stage— for those 
who prefer such a course. 
KEY TO ALGEBRA FOR BEGINNERS. Crown 8vo. cloth. 

dr. 6^. 
TRIGONOMETRY FOR BEGINNERS. With numerous Examples. 
New Edition. i8mo. cloth, is. 6d, 

Intended to serve as an introduction to the larger treatise on Plane 
Trigonometry, published by the Author, The same plan has been adopted 
as in the Algebra for Beginners : the subject is discussed in short chapters, 
and a collection of examples is attached to each chapter. The first fourteen 
chapters present the geom^rical part of Plane Trigonometry; and contain 
all that is necessary for practical purposes. The range of matter included 
is such as seems required by the various examinations in elementary Tri- 
gonometry whirh are now carried on in the country. Answers are appended 
at the end, 

MECHANICS FOR BEGINNERS. With numerous Examples. 
Second Edition. iSmo. cloth. 4^*. (>d. 
Intended as a companion to the two preceding books. The work forms 
an elementary treatise on demonstrative mechanics. It may be true that 
this part of mixed mathematics has been sometimes made too abstract and 
speculative ; but it can hardly be doubted that a knowledge of the elements 
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thtory of tkt subj«t ii txirem^ va2iahU tvat for litte 
■ amcemed ivilk liracticalruuUs. The Anther has accord- 
-ed to provide a suitable introdHctBin to the study of appUed 
'heoretkat mahaHics. The work condsis of two parts, 
and Dynamics. It viill be found to contain all that is 
^ea in dementary trratises en Mechanics, legdher with seme 

For the Use of Colleges and Schools. Fifth Edition. 
0. cloth. Is. 6d. 

7ntains all the ptopesitions which are usually included in 
itises on Algebra, and a large number of Examples for 
e author has sought to render the work easily intelligible to 
ut impairing the acturacy of the demonstrations, or eon- 
\its ef the subject. The Examples, about Sixteen hundred 
•mber, have been selected with a view to illustrate entry part 

Each chapter is complete in itself ; and the work will be 
ly adapted to the wants of students viha are without the aid 
The AnsiBers to the examples, -with hints for the solution ef 
assistance may be needed, are given at the end of the book, 
•ditisn two New Chapters and Three hundred misccHaneous 
e deeti added. The latter are arranged irt sets, each sit 

examples. 
LGEBRA FOR THE USE OF COLLEGES AND 
1^. Crown 8vo, lOit. M. 

ENTARY TREATISE ON THE THEORY OF 
tONS. Second Edition, revised. Crown 8vo. cloth. 

I contains all the propositions which are usually included 
treatises on the theory of Equations, together with Examples 
These have been sdected from the College and University 
Papers, and the results have been given when it appeared 
I order to exhibit a comprehensive -view ef the subject, the 
fj investigations which are not found in all the preceding 
Uises, and also some investigations which are net to be found 
R. For the second edition the work has been revised and 
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sonie additions have been made^ the most important being an account 0/ 
the researches of Prcfessor Sylvester respeeting NewtorCs Rule, 

PLANE TRIGONOMETRY. For Schools and Colleges. Fourth 
Edition. Crown 8vo. cloth, ^s, 
TTie design of this work has been to render the subject intelligible to 
beginners^ and at the same time to afford the student the opportunity of 
obtaining all the information which he will require on this branch of 
Mathematics, Each chapter is followed by a set of Examples : those 
which are entitled Miscellaneous Examples, together with a few in some 
of the other sets, may be advantageously reserved by the student for exercise 
after he has made some progress in the subject. In the Second Edition 
the hints for the solution of the Examples have been considerably increased, 

A TREATISE ON SPHER[CAL TRIGONOMETRY. Second 
Eldition, enlarged. Crown 8vo. cloth. 4^. 6d. 

TTu present work is constructed on the same plan as the treatise on 
Plane Trigonometry^ to which it is intended as a sequel. In the account 
of Napier's Rules of Circular Parts, an explanation has been given of a 
method of proof devised by Napier, which seems to have been overlooked 
by most modem writers on the subject. Considerable labour has been 
bestowal on the text in order to render it comprehetisive and accurate, and 
the Examples {selected chiefly from College Examination Papers) have 
all been carefully verified, 

PLANE CO-ORDINATE GEOMETRY, as applied to the Straight 
Line and the Conic Sections. With numerous Examples. Fourth 
Edition, revised and enlai^ed. Crown 8vo. cloth. Is. (id. 
The Author has here endeavoured to exhibit the subject in a simple 
manner for the benefit of beginners, and at the same time to include in one 
volume all that students usually require. In addition, therefore, to the 
propositions which have always appeared in such treatises, he hcts intro- 
duced the methods of abridged notation, whirh are of more recent origin ; 
these mHhods, which are of a less elementary character than the rest of the 
work, areplacedi n separate chapters, and may be omitted by the student 
at first, 

C 
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A TREATISE ON THE DIFFERENTIAL CALCULUS. With 
numerous Examples. Fourth Edition. Crown 8vo. cloth, icxr. 6^/. 

The Author has endeavoured in the present work to exhibit a campr-e- 
henswe view of the Differential Calculus on the method of limits, Tn tAe 
more elementary portions he has entered into considerable detail in the 
explanations^ with the hope that a recuier who is without the assistance of a 
ttitor may be enabled to (uquire a competent acquaintance with the subject. 
The method adopted is that of Differential Coefficients. To the different 
chapters are appended examples sufficiently numerous to render another 
book unnecessary ; ^tese examples being mostly selected from College £x' 
amination Papers, 

A TREATISE ON THE INTEGRAL CALCULUS AND ITS 
APPLICATIONS. With numerous Examples. Thiid Edition, 
revised and enlarged. Crown 8vo. cloth. lOf. (>d. 

This is designed as a work at once elementary and complete^ adapted 
for the use of beginners^ and sufficient for the wants of advanced students. 
In the selection of the propositions^ and in the mode of establishing them, 
it hcts been sought to exhibit the principles clearly^ and to illustrate 
all their most important results. The process of summation has been 
repeatedly brought forwardy with the view of securing the attention oj 
the student to the notions which form the true foundation of the Calculus 
itself as well as of its most valuable applications. Every attempt has been 
mnde to explain those difficulties which usually perplex beginners^ especially 
with r^erence to the limits of integrations. A new method has been adopted 
tn regard to the transformation of multiple integrals. The last chapter 
deals with the Calculus of Variations, A large collection of exercises, 
selected from College Examination Papers^ fuis been appended to the severed 
chapters, 

EXAMPLES OF ANALYTICAL GEOMETRY OF THREE 
DIMENSIONS. Second Edition, revised. Crown Svo. doth ^r. 
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Todhunter (I.) — continued. 

A TREATISE ON ANALYTICAL STATICS. With numerous 
Examples. Third Edition, revised and enlarged. Crown 8vo. 
cloth. lor. (id. 

In this work on statics {treating of the laws of the equilibrium of bodies) 
will be found all the propositions which usually appear in treatises on 
Theoretical Statics, To the different chapters examples are appended^ 
which have been principally selected from University Examination Papers, 
In the Third Edition many additiofu have been made, in order to illus* 
trate the application of the principles of the subject to the solution of 
problems. 



Wilson (J. M.) — ELEMENTARY GEOMETRY. Angles, 
Parallels, Triangles, Equivalent Figures, the Circle, and Propor- 
tion. By J. M. Wilson, M.A., Fellow of St John's College, 
Cambridge, and Mathematical Master in Rugby School. Second 
Edition. Extra fcap. 8vo. 3,f. (>d. 

The distinctive features of this work are intended to be the following. 
The classification of Theorems according to their subjects ; the separation 
of Theorems and Problems; the use of hypothetical constructions; the 
adoption of independent proofs where they are possible and simple ; the 
introduction of the terms locus, projection, &c. ; the importance given ic 
the notion of direction as the property of a straight line ; the intermixing 
of exercises f classified according to the methods adopted for their solution ; 
the diminution of -the number of Theorems; the compression of proofs, 
especially in the later parts of the book ; the tacit, instead of the explicit, 
r^erence to axioms ; and the treatment of parallels. 



ELEMENTARY GEOMETRY. PART II. (separately). The 
Circle and Proportion. By J. M. Wilson, M.A. Extra fcap. 
8vo. 2/. ^d, 

C « 
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Wilson (W. P.) — A TREATISE ON DYNAMICS. By 
W. P. Wilson, M.A., Fellow of St. John's College, Cambridge, 
and Professor of Mathematics in Queen's College, Belfast. 8vo. 

Wolstenholme. — a BOOK OF mathematical 

PROBLEMS, on Subjects included in the Cambridge Course. 
By Joseph Wolstenholme, Fellow of Christ's College, some- 
time Fellow of St John's Coll^^e, and lately Lecturer in Matlie- 
matics at Christ's Collie. Crown 8vo. doth. 8j. 6d, 

Contents: — Geometry {EucHd) — Algebra — PlarCe Trigon/^metry-'r' 
Geometrical Conic Sections — AncUytical Conic Sections — Theory of Mqua- 
tions — Differential Calculus — Int^al Calculus — Solid Geometry — Statics 
— Elementary Dynamics — Newton — Dynamics of a Point — Dynamics of 
a Rigid Body — Hydrostatics — Geometrical Oftus — Sfh^rical Tri^wfmi^y 
and Plane Astronomy ^ 
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SCIENCE. 

ELEMENTARY CLASS-BOOKS. 

The importance of Science as an element of sound educa- 
tion is now generally acknowledged ; and accordingly it 
is obtaining a prominent place in the ordinary course of 
school instruction. It is the intention of the Publishers to 
produce a complete series of Scientific Manuals, affording 
full and accurate elementary information, conveyed in clear 
and lucid English. The authors are well known as among 
the foremost men of their several departments ; and their 
names form a ready guarantee for the high character of the 
books. Subjoined is a list of those Manuals that have 
already appeared, with a short account of each. Others 
are in active preparation ; and the whole will constitute a 
standard series specially adapted to the requirements of be*- 
ginners, whether for private study ot for school instruction. 

ASTRONOMY, by the Astronomer Royal. 

POPULAR ASTRONOMY. With lUustrations. By G. B. 
Airy, Astronomer Royal. Sixth and cheaper Edition. iSmo. 
cloth. 4J. 6d, 

This work consists of six lettures^ which are intended " to explain to 
intelligent persons the principles on which the instruments of an Observa* 
tory are constructed {omitting all details^ so far as they are merely sub- 
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nentary Class-Books — continue. 

J, and the priHciplis on ivhich tia ohstrvations made valh these 
aenti art treated for dtdiutUtn of Ihi distances and laeights of the 
b/ the Solar System, and of a few stars, emitting all minutii of 
a, and all troublesome details of calculation." The speciality of this 
is ihe direct reference of every step to the Oiseraatary, and the full 
tioH of the methods and instruments of observation. 

'RONOMY. 

R. LOCKYER'S ELEMENTARY LESSONS IN ASTRO- 
OMY. With Coloured Diagriim oi the Spectra of the San, 
ars, and Nebulie, and numerous lUustrations. By J. Nobhan 
DCKVER, F.R.5. Seventh Thousand. tSmo. Is.^d, 

author has here nimid to give a connected view of the whde sahfeel, 
supply fads, and ideas founded on the facts, to serve as a basis for 
lent study and discussion. The chapters treat of the Stars and 
!,- the Sun; the Soiar System; Apparent Movements of the Heavenly 
; the Measurement of Time; Light; the Telescope and Spectroscope; 
mt Places of the Heaiienly Bodies ; the Real Distances and Dimen- 
Universal Gravitation. The most recent astronomical discoveries 
:orporaltd. Mr. Lockyer's work supplements thai of the Astronomer 
mentioned in the previous article. 

iTIONS ON LOCKYER'S ELEMENTARY LESSONS 
GASTRONOMY. For the use of Schools. By John Forbes- 
OBEKTSON. i8mo. cloth limp. is. bd. 

rSIOLOGY. 

ROFESSOR HUXLEY'S LESSONS IN ELEMENTARY 
HYSIOLOGY. With numeroos Illustrations. By T. H. 
iuxLEY, F.R.S. Professor of Natural History m the Royal School 
'. Mines, Sixttenth Thousand. lEmo. cloth. \s. 6d. 
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Elementary Class- Books— ^<7;2//;?2^dur. 

This book describes and explains^ in a series of graduated lessons, the 
principles of Human Physiology ; or the Structure and Functions of the 
Human Body, The Urst lesson supplies a general view of the subject. 
This is followed by sections on the Vascular or Veinous System^ and the 
Circulation ; the Blood and the Lymph ; Respiration ; Sources of Loss 
and of Gain to the Blood ; the Function of Alimentation ; Motion and 
lAfcomotion ; Sensations and Sensory Organs; the Organ of Sight ; the 
Coalescence of Sensations with one another and with other States of Citn- 
sciousness : the Nervous System and Innervation; Histology^ or the 
Minute Structure of the Tissues, A Table of Anatomical and Physio* 
hgiccU Constants is appended. The lessons are fully illustrated by 
numerous engrcevings. The manual is primarily intended to serve as a 
text-book for teachers and learners in boyi and girls' schools, 

QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR SCHOOLS. 
By T. Alcock, M.D. i8mo. u. dd. 

These Questions were arcewn up as aids to the instruction of a class o 
young people in Physiology, 



BOTANY. 

PROFESSOR OLIVER'S LESSONS IN ELEMENTARY 
BOTANY. With nearly Two Hundred lUustrations. Tenth 
Thousand. i8mo. cloth. 4r. (>d. 

This book is designed to teach the Elements of Botany on Professor 
Henslov/splan of selected Types and by the use of Schedules, The earlier 
chapters^ embracing the elements of Structural and Physiological Botany, 
introduce us to the methodical study of the Ordinal Types, The con* 
eluding chapters are entitled, ^^ How to dry Plants ^^ and ** How to 
describe Plants,** A vcUuable Glossary is appended to the volume. In 
the preparcUioft of this work free use has been made cf the manuscript 
materials of the late Professor Henslow, 
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■^ry Class-Books — continue. 
.^.TRY. 

\bOK ROSCOE'S lessons in ELEMEliTARY 

" ITRY, INORGANIC AND ORGANIC. By Henry 

IE, F.R.S., Professor of Chemislry in Owens College, 

;r. Wiih numerous IJlustrations and Chromo-Litho. ol 

'.I Spectrum, and of the Alkalies and Alkaline Earths, 

rion. Twenty sixth Thousand. l8mo. doth. 4/. 6if. 

like endtavour of Ihi author to arrange thi mest important 

•nciples of Modern Chemistry in a plain but concise and 

, suited to th^ present requirements of ^emenlary instruction. 

t of facilitating the attainment of exactitude in tkeknoviledge 

of exercises and questions upon the lessons have been 

\inetric system of weights and measures, and the centigrade 

are used throughout the viBrk. The neai Edition, 

its, contains many additions and improvements, and 

ifertant of the latest discoveries, 

AL ECONOMY. 

:CAL ECONOMY FOR BEGINNERS. ByMlLLlCENT 

iSmo. 2s. 6d. 
tng pages have been written mainly mith the hope that a short 
ight help to make Political Economy a more popular 
and girU schools. In order to adapt the book especially for 
esUons have been added at the end of eaeh chapter, 

.NTARY LESSONS IN LOGIC ; Deductive and Induo- 
. Questions and Eiajnples, and a Vocabulary of 
By W, Stanley Jevons, M.A., Professor of 
Owens College, Manchester. l8mo. y. 6d. 

these Lessons the author has attempted to show that Logic, 

(itional form, can be made a highly useful subject of study, 

of mental exercise. With this -uieai he has avoided 

technical terms, and has abstained from entering 
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i7tto questions of a purely speculative or metaphysical character. For the 
puerile illustrations too often found in works on Logic^ examples drawn 
from the distinct objects and ideas treated in the natural atul experimental 
sciences have been generally substituted. At the end of almost every 
Lesson will be found references to the works in which the student will most 
profitably continue his reading of the subject treated, so that this little 
volume may serve as a guide to a more extended course of study. 

f>HYSICS. 

LESSONS IN ELEMENTARY t>HYSICS. By Balfour 
Stewart, IF.R.S., Professor of Natural Philosophy in Owens 
College, Manchester. With numerous Illustrations and Chromo- 
liths of the Spectra of the Sun, Stars, and Nebulae. i8mo. 4^. dd. 

A description^ in an elementary manner ^ of the most important of those 
laws which regulate the phenomena of nature. The active agents, heat, 
light, electricity, etc., are regarded as varieties of energy, and the work is 
so arranged that their relation to one another, looked at in this light, and 
the paramount importance qf the laws of energy are clearly brought out. 
The volume contains all the necessary illustrations, and a plate represent- 
ing the Spectra of Sun, Stars, and Nebula, forms a frontispiece. 



MANUALS FOR STUDENTS. 

Flower (W. H.)— an introduction to the oste- 
ology OF the mammalia. Being the substance of 
the Course of Lectures delivered at the Royal College of Surgeons 
of England m 1870. By W. H. Flower, F.R.S., F.R.C.S., 
Hunterian Professor of Comparative Anatomy and Physiology. 
With numerous Illustrations. Globe 8vo. 7^. dd. 

Although the present work contains the substance of a Course of Lectures, 
the form has been changed, so as the better to adapt it as a handbook for 
students. Theoretical views have been almost entirely excluded: and while 
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it is impossible in a scientific treatise te ctvaid the employment of technical 
terms, it has been the author's endMvour to use nc more than absolutely 
necessary, and to exercise due care in selecting only those that seem most 
appropriate, or which have received the sanction of general adoption. With 
a very few exceptions the illustrations have been drawn expressly for this 
work from specimens in the Museum of the Royal College of Surgeons, 



Hooker (Dr.)— THE STUDENT'S FLORA OF THE 
BRITISH ISLANDS. By J. D. Hooker, C.B., F.R.S., 
M.D., D.C.L., Director of the Royal Gardens, Kew. Globe 
8vo. lOJ. 6d, 

The object of this work is to supply students and field-botanists with a 
fuller account of the Plants of the British Islands than the manuaJs 
hitherto in use aim at grving. The OrdincU, Generic, and Specific 
characters have been re-written, and are to a great extent original, and 
drawn from living or dried specimens, or both. 



Oliver (Professor).— FIRST BOOK OF INDIAN BOTANY. 
By Daniel Oliver, F.R.S., F.L.S., Keeper of the Herbarium 
and Library of the Royal Gardens, Kew, and Professor of Botany 
in University College, London. With numerous Illustrations. 
Extra fcap. 8vo. 6j. 6d, 

This manual is, in substance, the author* s ^^ Lessons in Elementary 
Botany,** adapted for use in India, In preparing it he has had in view 
the want, often felt, of some handy risum^ of Indian Botany, which might 
be serviceable not only to residents of India, but also to any one about to 
proceed thither, desirous of getting some preliminary idea of the Botany oj 
that country. 

Other volumes of these Manuals will follow. 



■ 
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Cooke (Josiah P., Jun.)— first principles of 

CHEMICAL PHILOSOPHY. By Josiah P. Cooke, Jun,, 
Ervine Professor of Chemistry and Mineralogy in Harvard College. 
Crown 8va I2J, 



The object of the author in this book is to present the philosophy of 
Chemistry in such a form thai it can be made with profit the subject >of 
College recitations^ and furnish the teacher with the means of testing the 
students faithfulness and ability. With this view the subject has been 
developed in a logical order^ and the principles of the science are taught 
independently of the experimental evidence on which they rest. 



Johnson (S. W., M.A.)— HOW CROPS GROW: A 
Treatise on the Chemical Composition, Structure, and Life of the 
Plant, for Agricultural Students. By S. W. Johnson, M.A., 
Professor of Analjrtical and Agricultural Chemistry in Yale College. 
With Illustrations and Tables of Analyses. Revised, with Nume- 
rous Additions, and adapted for English use by A. H. Church, 
M.A. and W. T. Dyer, B.A., Professors at the Royal Agricultural 
Collie, Cirencester. Crown 8vo. &r. 6d. 

In order that thts bock may be complete in itself so far as its special scope 
is concerned^ not only have t^he rudimeftts of Chemistry and structural 
Botany been introduced, but a series of Experiments has been described, by 
which the student, who hcts access to chemical apparatus and tests, may 
become conversant with the most salient properties of the elements, and of 
those of their chief natural compounds, which constitute the food or the 
materials of plants. 

It has also been attempted to adapt the work inform and contents to the 
wants of the clasS'Toom by a strictly systematic arrangement of topics, and 
by division of the matter into convenient paragraphs. 
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Roscoe (H. E.)— SPECTRUM ANALYSIS. Six Lectures, 

with Appendices, Engravings, Maps, and Ciiromolithographs. 

By H. E. Roscoe, F.R.S., Professor of ChemUtiy in Owens 

College, Manchester. Royal Svo. z u, 

A Seeond Edition of thtsi popular Leeltires, cotilaitting all the most 

ramt discoveria and sevtral adaiHonal Illustratuins. 

" The iicturis themselves /urnish a most admiraili elementary treatise 
on the subject, whilst by the insertion in appendices la each lecture of 
extracts from the most important published memoirs, the author has 
rendered it equally valuable as a text book for advanced students." — 
Westminster Review. 

Thorpe (T. E.)— a series of chemical problems. 

for use in Colleges and Schools. Adapted for the preparation ol 
Students Ibr the Goyemment, Science, and Society of Arts Exa- 
minations. With a Preface by Frofessot Rckcoe. iSmo. 
cloth. IS. 
In the Preface Dr. Hoscoe says — " My experience has led me to feel more 
and more strongly that by no method can accuracy in a knowledge of 
chemistry he more surely SKured than by attention to the ■morking of -uidl- 
sdected problems, and Dr. Thorpes thorough acquaintance with the wants 
of the student is a sujicient guarantee that this selection has been carrfidly 
made. I intend largely to use these questions in my own classes, and I can 
confidently recommend them to all teachers and students of the science." 

WurtZ.— A HISTORY OF CHEMICAL THEORY, from the 
Age of Lavoisier down to the present time. By Ad. Wurtz. 
Translated by Henry Watts, F. R.S. Crown Svo. ts. 
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Abbott. — A SHAKESPEARIAN GRAMMAR. An Attempt to 
illustrate some of the Differences between Elizabethan and Modern 
English. By the Rev. E. A. Abbott, M. A., Head Master of the 
City of London School. For the Use of Schools. Ne\v and En- 
larged Edition. Extra fcap. 8vo. dr. 

T?i€ object of this work is to furnish students of Shakespeare and Bacon 
with a short systematic account of some points of difference betiueen Eliza* 
bethan syntax and our own. A section on Frosody is added, and Notes 
and Questions. 

The success which has attended the First and Second Editions of the 
"Shakespearian Grammar," and the demand for a Third Edition 
within a year of the publication of the First, hat encouraged the Author to 
endeavour to make the work somewhat more useful, and to render it, as 
far as possible, a complete book of reference for all difficulties pf Shakespear- 
ian syntax or prosody. For this purpose the whole of Shakespeare has 
been re-read, and af^ attempt has been made to include within this Edition 
the explanation of ev(ry idiomatic difficulty {where the text is not con- 
fessedly corrupt) that comes wifhif^ the province of a grammar as distinct 
from a glossary. 

The great object being to make q useful boo^ of reference for students, 
(ind especially for clctsses in schools, several Plays have been indexed so 
fully that with tfu aid of a glossary ^nd historical notes the r^erences will 
serve for a complete commentary. 



►. 



I 



'1-^ 



■ti. 



46 EDUCATIONAL BOOKS. 



ATLAS OF EUROPE. GLOBE EDITION. Uniform in size 
.with Macmillan's Globe Series, containing 45 Coloured Maps, on 
a uniform scale and projection : with Plans of London and Paris, 
and a copious Index. Strongly bound in half-morocco, with flexible 
back, 9i-. 

This Atlas includes all the countries oj Europe tn a series of 48 Maps, 
drawn on the same scale, with an Alphabetical Index to the situation of 
more than ten thousand places ; and the relation of the various maps and 
countries to each other is defined in a general Key-map, The identity of 
scale in all the maps facilitates the comparison of extent and distance^ and 
conveys a just impression oJ the magnitude of different countries. The 
size suffices to show the provincial divisions^ the railways and main roads, 
the principal rivers and mountain ranges. " This AtUiSyl writes the 
British Quarterly, " will be an invaluable boon for the school, the desk, or 
the traveller^ s portmanteau^* 

Bates & Lockyer.— A CLASS-BOOK OF GEOGRAPHY. 

Adapted to the recent Programme of the Royal Geographical 
Society. By H. W. Bates, Assistant Secretary to the Royal 
Geographical Society, and J. N. Lockyer, F.R.A.S. 

\In the Press. 

CAMEOS FROM ENGLISH HISTORY. From Rollo to Edwaitl 
II. By the Author of ** The Heir of Redclyffe." Extra fcap. 
8vo. Second Edition, enlarged. 51. 

A Second Series nearly ready. 

The endeavour has not been to chronicle facets, but to init together a series 
of pictures of persons and events, so as to arrest the attention, and give 
some individuality and distinctness to the recollection, by gathering together 
details at the most memorable moments. The " Cameos " are intended as 
a book for young people just beyond the elementaty histories of England, 
and able to enter in some degree into the real spirit of events, and to be 
struck with characters and scenes presented in some relief ^^ Instead of 
dry details, ^^ says the Nonconformist, "w^ have living pictures^ faithful^ 
vivid, and striking.''^ 
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Delamotte.— A beginner's drawing book. By p. h. 

Delamotte, F.S.A. Progressively arranged, with upwards of 
Fifty Plates. ^ Crown 8vo, Stiff covers. 2s, (yd. 

This work is intended to give such instruction to Beginners in Drawings 
and to plcLce before theni copies so easy, thai they may not find any obstacle 
in making the first step^ Thenceforward the lessons are gradually 
progressive. Mechanical improvements too have lent their aid, Thewhole 
of the Plates havi been engraved by a new process, by means of which a 
varying depth of tone — up to the presetit time the distinguishing character- 
istic of pencil drawing — hcLs been imparted to woodcuts, 

D'Oursy and Feillet. — a French grammar at 

SIGHT, on an entirely new method. By A. D'Oursy and 
A. Feillet. Especially adapted for Pupils preparing for Exa- 
mination. Fcap. 8vo. cloth extra. 2j. (yd. 

The method followed in this volume consists in presenting the grammar 
as much as possible by synoptical tables, which, striking the eye at once, and 
following throughout the same order — ** used — not used ; " ** changes — 
does not change " — are easily remembered. The parsing tables will enable 
the pupil to parse easily from the beginning. The exercises consist of 
translations from French into English, and from English into French ; 
and of a number oj grammatical questions, 

EUROPEAN HISTORY. Narrated in a Series of Historical Selec- 
tions from the Best Authorities. Edited and arranged by E. M. 
Sewell and C. M. Yonge. First Series, crown 8vo. dr. 
Second Series, 1088 — 1228. Crown 8vo. 6j. 

When young children have acquired the outlines of History from abridg' 
ments and catechisms, and it becomes desirable to give a more enlarged 
view of the subject, in order to render it really useful and interesting, a 
difficulty often arises as to the choice of books. Two courses are open, either 
to take a general and consequently dry history of facts, such as RusseVs 
Modern Europe, or to choose some work treatingKof a particular period or 
subject, such as the works of Macaulay and Froude. The former course 
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^ly renderi history uninUrcstitt^ ; thf intttr is uttsatisjiuloty, bf^ause 
s not suffiiiatlly lomprthensivi. To rrmedy this diffiiuity sdtdisns, 
tinuoui and chrotwlogifoly have^ in the fresfni volutnt^ been taken Jrom 
largir worts of Freeman, Milman, Paigrave, and elkers, which may 
•le at distinct landmaris of historical reading. " IVe inaw of scarcely 
liking," layt Ihi Guardian, of this vohimt, "which is sB likdy to raise 
I h^her lend the average standard 0/ EngUii ediicatioH." 

■eeman (Edward A.) — OLD-ENGLISH HISTORY. 
By Edward A. Freeman, D.C.L., late Fellow of Trinity 
College, Oxford. With Five Coloured Maps. New Edition. 
Extra fcap. Svo. half-bound. 61. 
* Its object is tu show thai deary accurate, and scientijic viouis t^ history, 
mdetd of any subj^t, may be easily given to children frem the very first.. 
, . /have, I hope, shoTon that it is perfectly easy la teach ihildren, 
m the very first, to distinguish true history alike from legend andjrom 
(ul ittoentien, and also to understand the nature of historieai authori- 
and la wei^ one statement against another. . . . I have throughout 
'ven to conned the history of England with the general history 0/ 
'iited Europe, and I have especially tried to make the book serve as an 
miilietoa more accurate study of historical geagrafhy." — Preface. 

elfenstein {James}.— a COMPARATIVE grammar 
OF THE TEUTONIC LANGUAGES. Being at ihe same 
dmea Hialorical Grammarof the English Language, and comprising 
Gothic, Anglo-Saxon, Early English, Modem English, Icelandic 
(Old Norae), Danish, Swedish, DM High German, Middle High 
German, Modem German, Old Saxon, Old Frisian, and Dutch. 
ByjAiifES Helfenstein, Ph.D. Svo. i&r. 
Rm wori traces the different stages of devdopment ihrough -which 
various Teutonic languages have passed, and the laws ■aibich have 
ulated their gnmilh. The reader is thus enabled ft? study the relation 
ich these languages bear le one another, and to Ihe English languor in 
iicular, to which sp^ial attention is devoted throughout. In the 
fters on Ancient and Middle Teutonic lan^ages no grammatical jonn 
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is omitted the knowledge of which is required for the study of ancient 
literature^ whether Gothic or Anglo-Saxon or Early English. To each 
chapter is prefixed a sketch showing the relation of the Teutonic to the 
cognate langimgesy Greek, Latin, and Sanskrit. Those who have mastered 
the book will be in a position to proceed with intelligence to the more 
elaborate works of Grimm, Bopp, Pott, Schleicher, and others. 

Hole.— A GENEALOGICAL STEMMA OF THE KINGS OF 
ENGLAND AND FRANCE. By the Rev. C. Hole. On 
Sheet. IJ. 

The different families are printed in distinguishing colours, thus 
facilitating reference. 

A BRIEF BIOGRAPHICAL DICTIONARY. Compned and 
Arranged by Charles Hole, M. A., Trinity College, Cambridge. 
Second Edition, i8mo. neatly and strongly bound in cloth. 4;. dd. 

The inquiry is frequently made concerning an eminent man, when did 
he live, or for what was he celebrated, or what biographies have we about 
him ? Such information is concisely supplied in this Dictionary, It contains 
more than i8>ooo names. Extreme care has been bestowed on the verifica- 
tion of the dates, and thus numerous errors current in previous works have 
been corrected. Its size adapts it for the desk, portmanteau, or pocket, 

"An invaluahle addition to our manuals of reference, and from its 
moderate price cannot fail to become as popular as it is usefuV* — Times, 

Jephson. — SHAKESPEARE'S "TEMPEST." With Glossarial 
and Explanatory Notes. By the Rev. J. M. Jephson. i8mo. 
\s, 6d. 

It is important to find some substitute for classical study, and it is 
believed that such a substitute may be found in the Plays of Shakespeare, 
Each sentence of Shakespeare becomes, like a sentence in Thucydides or 
Cicero, a lesson in the origin and derivation of words, and in the funda- 
mental rules of grammatical construction. On this principle the present 
edition of the " Tempest" hcu been prepared. The text is taken from the 
** Cambridge Shakespeare " 

D 
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M'Cosh (Rev. Principal). — ^the laws OF DISCUR- 
SIVE THOUGHT. Being a Text-Boak of Formal Logic. Bj 
James M*Cosh, D.D., LL.D. 8vo. Sj. 
In this treatise the Notion [with the Term and the Relation cf Thought 
to Language^) will be found to occupy a larger relatwe place than in any 
logical work written since the time of the famous " Art of Thinking.** 

Oppen.— -FRENCH READER. For the Use of CoUeges and 
Schools. Containing a graduated Selection from modem Authors 
in Prose and Verse ; and copious Notes, chiefly EtymologicaL By 
Edward A. Oppen. Fcap. 8vo. cloth. 4J. td. 

This is a Selection from the best modem authors of France. Its dis' 
tinctvve feature consists in its etymological notes, connecting French with 
the clctssical and modern languages, including the Celtic, This subject 
has hitherto been little discussed even by the best-educated tecu:hers. 

A SHILLING BOOK OF GOLDEN DEEDS. A Reading Book 
for Schools and General Readers. By the Author of " The Heir 
of RedclyflFe." i8mo. cloth. 

A record of some of the good and great deeds of all time, abridged front 
the larger work of the same author in the Golden Treasury Series. 

Sonnenschein and Meiklejohn. — the ENGLISH 

METHOD OF TEACHING TO READ. By A. Sonnenscheik 
and J. M. D. Meiklejohn, M.A. Fcap. 8vo. 

Comprising. 
I The Nursery Book, containing all the Two-Letter Words in the 
Language, id. 
The First Course, consisting of Short Vowels with Single 

Consonants, "^d. 
The Second Course, with Combinations and Bridges, con- 
sisting of Short Vowels with Double Consonants. 4//. 
\ The Third and Fourth Courses, consisting of Long 
Vowels, and all the Double Vowels in the Language, dd. 
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A Series of Books in which an attempt is made to pUue the process 
learning to recui English on a sciefitific basis. This has been dene by 
siparating the perfectly regular parts of the language from the irregular^ 
and by giving the re^lar parts to the learner in the exact order of their 
difficulty. The child begins with the smallest possible element ^ and adds to 
that element one letter — in only one <f its functions — at one time. Thus 
the sequence is natural and complete, 

Vaughan (C. M.) — a SHILLING BOOK OF WORDS 
FROM THE POETS. By C. M. Vaughan. i8mo. doth. 

It has been felt of late years that the children of our parochial schools ^ 
and those classes of our countrymen which they commonly represent j are 
capable of being interested, and therefore benefited also, by something higher 
in the scale of poetical composition than those brief and somewhat puerile 
fragments to which their knowledge was formerly restricted. An attempt 
hcts here been made to supply the want by forming a selection ai once 
various and unambitious ; healthy in tone, just in sentiment, elevating in 
thought, and beautiful in expression. 



Thring. — ^Works by Edward Thring, M,A., Head Master o 
Uppingham. 

THE ELEMENTS OF GRAMMAR TAUGHT IN ENGLISH, 
with Questions. Fourth Edition. i8mo. 2j. 

This little work ts chiefly intended for tmchers and learners. It took its 
rise from questionings in NcttioncU Schools, and the whole of the first part 
is merely the writing out in ordet the answers to questions which have been 
used already with success, A chapter on Learning Language is especially 
addressed to teachers, 

THE CHILD'S GRAMMAR. Being the Substance of "The 
Elements of Grammar taught in English," adapted for the Use of 
Junior Classes. A New Edition. i8mo. is, 

D 2 
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Thring — continued. 

SCHOOL SONGS. A Collection of Songs for Schools. With the 

Music arranged for four Voices. Edited by the Rev. E. Thrins 

and H. Riccius, Folio. "]!. dd. 

Thire it a Undetuy in sckoels to sta--eatypc m firmi sf life. Any g^atiai 

solvent is valuable. Games do much ; but games do rut penetrate to 

domestic life, and are much limited by age. Music supplies the ■want, 

T/ie colleclion includes the " Agnus Dei," Tennyson's "Light Brigade," 

Macaulay's" Ivry." &■<-. among other pieces. 

Trench (Archbishop). — HOUSEHOLD BOOK OF ENG- 
LISH POETRY. Selected and "Arranged, with Noles, by 
R. C. Tkench, D.D., Archbishop of Dublin. Extra fcap. Svo, 
51. bd. ' Second Ediion. 

This volume is called a " Household Book" by this name implying that 
it is a hook for ail — thai there is nothing in it to prevent it from being 
confidently placed in the hands of every member of the household. Speci- 
mens of all classes of poetry are given, including elections from liidn^ 
authors. The Editor has aimed to produce a booi "■which the emigrant, 
finding room for little not absolutely necessary, might yet find room for it 
in his trunk, and the traveller in hii knapsack, and that en some narrow 
shelves inhere there arefeai books this might be one." 

" The Archbishop has conferred in this deOghtful volume an important 
gift on Ihewhele English-speaking paf Illation of the world."— "^KLX-Hikl-i. 
Gazette. 

Yonge (Charlotte M.).— A PARALLEL HISTORY OF 
FRANCE AND ENGLAND : consisting of OulKnes and Dates. 
Kj- Chariotte M. Vonce, Author of "The Heir of ReddyfTe," 
" Cameos of English History," &c, &c. Obloi^ 4I0. Ji. ftd. 
This tabular history has been drawn up to sufiplv a want felt by many 
teachers of some means of making their pupils realiie vihat events in the 
l!M countries ivere contemporary. A skeleton narrative has Seen con- 
structed of the chief transactions in either country, placing a column 
between for what a^ected both alUe, by which means it is hoped that young 
people may be assisted in grasping the mutual relation oj events. 
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Abbott (Rev. E. A.)— bible lessons. By the Rev. 
E. A. Abbott, M.A., Head Master of the City of London 
School. Second Edition, crown 8vo. 4$". dd. 

This book is written in the form of dialogues carried on hetiveen a 
teacher and pupil, and its main object is to make the scholar think for 
himself. The great bulk of the dialogues represents in the spirit, and 
often in the words, the religious instruction which the author has been 
in the haUt of ^ingto the Fifth and Sixth Forms of the City ofLondoti 
School, 

Cheyne (T. K.)— the book of ISAIAH CHRONO- 
LOGICALLY ARRANGED. An Amended Version, with 

• . » -J 

Historical and Critical Introductions and Explanatory Notes. By 
T. K. Cheyne, M. A„ Fellow o( ^alliol College, Oxford. 
Crown 8vo. 7^. td. 

The object of this edition is simply to restore the pi^obable meaning of 
Isaiah^ so far as this can be expressed in modern English. The basis of 
the version is the revised trc^nslation of 161 1, but no scruple has bun fdt 
in introducing alterations, wherever the tru^ s;enfe of the prophuus 
appeared to require it, 

Eastwood.— THE BIBLE WORD-BOOK. A Glossary ot 
Old English Bible Words. By J. Eastwood, M. A., of St. John's 
College, and W. Aldis Wright, M.A., Trinity College, Cam- 
bridge. iSmo. 5 J. 6</. 
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// is the 9hject of this Glossary to explain and illustrate all such words^ 
phrases^ and constructions, in the Authorized Version of the Old andNeio 
Testaments and the Apocrypha^ and in the Book of Common Prayer^ as 
are either obsolete or archaic. Full explanations are supplied, and these \ 

illustrated by numerous citations from the elder writers. An index of I 

editions quoted is appended. Apart from its immediate subject, this work | 

serves to illustrate a well-marked period in the history of the English * 

language. It is thus of distinct philological value, 

GOLDEN TREASURY PSALTER. Students' Edition. Being an 
Edition of "The Psalms Chronologically Arranged, by Four 
Friends," with briefer Notes. i8mo. 3j. dd. 

In making this abridgment of " The Psalms Ghronologically Arrangecl,^* 
the editors htWe endeavoured to m^et the requirements of readers of a 
different class from those for whom ike larger edition wcu intended. Some 
who found the large book useful for prwaie reading, have asked for an 
edition of a smaller size and at a lower price, for family use, while at the 
same time some Teachers in Public Schools have suggested that it would be 
convenient for them to have a simpler book^ which they could put into the 
hands of younger pupils, 

Hardwick. — a history of the christian church. 

Middle Age. From Gregory the Great to the Excommunication 
of Luther. By Archdeacon Hardwick. Edited by Francis 
Procter, M.A. With Four Maps constructed for this work by 
A. Keith Johnston. Second Edition. Crown 8vo. lar. (ui^ 

The ground-plan of this treatise coincides in many points with one 
adopted at the close of the Ictst century in the colossal work ofSchrbckh, and 
since that time by others of his thoughtful countrymen ; but in arranging •* 

the materials a very different course has frequently been pursued. With ; 

regard to the opinions of the author, he is willing to avow distinctly that he *! 

kotS construed history with the specific prepossessions of an Englishman and 
a member of the English Church, The reader is constantly referred to 
the eudtkoritieSf both original and critical, on which the statements are { 

founded. \ 
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H ard wick. — contimtedt, 

A HISTORY OF THE CHRISTIAN CHURCH DURING THE 
REFORMATION. By Archdeacon Hardwick. Revised by 
Francis Procter, M. A. Second Edition. Crown 8vo. lor. 6</. 

This volunu is intended as a sequel and companion to the ^^ History of 
the Christian Church during the Middle Age,^^ The authof^s earnest 
wish has been to give the reader a trustworthy version of those stirring 
incidents which mark the Reformation period^ without relinquishing his 
former claim to charcu:terise peculiar systems^ persons^ and events according 
ta the shades and colours they cusumCy when contemplated from an English 
point of view, and by a member of the Church of England, 

Maclear.— Works by the Rev. G. F. MACLEAR, B.D., Head 
Master of King's College School, and Preacher at the Temple 
Church. 

A CLASS-BOOK OF OLD TESTAMENT HISTORY. Fifth 
Edition, with Four Maps. i8mo. cloth, ^r. 6d, 

This volume forms a Class-book of Old Testament History from the 
earliest times to those of Ezra and Nehemiah, In its preparation the 
most recent authorities have heen consulted^ and wherever it has appeared 
useful^ Notes have heen subjoined illustrative of the Text, and, for the sake 
of more advanced students, references added to larger works. Tlie Index 
has been so arranged as to form a concise dictionary of the persons and 
places mentioned in the cmirse of the narrative; while the maps, which have 
been prepared with consideraJfle care at Stanford's Geographical Establish- 
metit, will, it is hoped, matericdly add to the value and usefulness of the 
Book, 

A CLASS-BOOK OF NEW TESTAMENT HISTORY, including 
the Connexion of the Old and New Testament With Four Maps. 
Third Edition. iSmo. cloth. 5^. 6d, 

A sequel to the authof's Class^ook of Old Testament History, continuing 
the narrative from the point at which it there ends, and carrying it on to 
the close of St, Pauts second imprisonment at Rome, In its pr^aration, 
as in that of the former volume^ the most recent and trustworthy authorities 
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Maclear (Rev. G. F., B.D.) — cantinued, 

have been consulted^ notes subjoined^ and r^erences to larger works added. 
It is thus hoped that it may prove at once an useful class-book and a 
convenient companion to the study of the Greek Testament, 

A SHILLING BOOK OF OLD TESTAMENT HISTORY, for 
National and Elementary Schools. With Map. i8mo. cloth. 

A SHILLING BOOK OF NEW TESTAMENT HISTORY, for 
National and Elementary Schools. With Map. ' i8mo. cloth. 

These works have been carefully abridged from the author's larger 
ntanucds; 

CLASS-BOOK OF THE CATECHISM OF THE CHURCH OF 
ENGLAND. Second Edition. i8mo. cloth. 2s. 6d. 
This may be regarded cu a sequel to the Class-books of Old and New 
Testament History, Like them, it is furnished with notes and references 
to larger works, and it is hoped that it may be found, especially in the 
higher forms of our Public Schools, to supply a suitctble manual of 
instruction in the chief doctrines of the English Church, and a useful 
help in the preparation of Candidates for Confirmation, 

A FIRST CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND, with Scripture Proofe, for Junior 
Classes and Schools. i8mo. 6d. 

THE ORDER OF CONFIRMATION. A Sequel to the Class 
Book of the Catechism. For the use of Candidates for Confirma- 
tion. With Prayers and Collects. i8mo. ^d, 

Maurice.— THE LORD'S PRAYER, THE CREED, AND 
THE COMMANDMENTS. A Manual for Parents and School- 
masters. By the Rev. F. D. Maurice. To which is added the 
Order of the Scriptures. i8mo. is. 



Procter. — a HISTORY OF THE BOOK OF COMMON 
PRAYER, with a Ratioixale of its Offices. By Francis Procter, 
M.A. Ninth Edition, revbed and enlarged. Crown Svc. i 

lar. 6d, 
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In the course of the last twenty years the whole question of Liturgical 
knowledge has been reopened with great learning and ctccurate research ; 
and it is mainly with the view of epitomizing extensive publications, and 
correcting the errors and misconceptions which had obtained currency , 
thai the present volume has btSen put together. 

Prpcter and Maclear.— an elementary intro- 
duction TO THE BOOK OF COMMON PRAYER. 
Re-arranged and supplemented by an Elxplanation of the Morning 
and Evening Prayer and the Litany. By the Rev. F. Procter 
and the Rev. G. F. Maclear. Fourth Edition. i8mo. ^s, 6d. 
As in the other Cla^s -books of the series, notes have also been subjoined, 
and references given to larger works, and it is hoped that the volume will 
be found adapted for use in the higher forms of our Public Schools, and a 
suitahle manual for those preparing for the Oxford and Cambridge local 
examinations. This new Edition has been considerably altered, and 
several important additions have been made. Besides a re-arrangement 
of the work genercdly, the Historical Portion has been supplemental by an 
Explanation of the Morning and Evening Prayer and of the Litany. 

FSALMS OF DAVID CHRONOLOGICALLY ARRANGED. 

BY FOUR FRIENDS. An Amended Version, with Historical 

Introduction and ExpUnatory Notes. Second Edition, with 

Additions and Corrections. Crown 8vo. &r. dd. 

To restore the Psalter as far a^ possible to the order in which the Psalms 

were written, — to give the division of each Psalm into strophes, of each 

strophe into the lines which composed it, — to amend the errors of translation, 

is the object of the present Edition, Professor Ewald^s works, especially 

that on the Psalms, have been extensively consulted. 

This book has been used with satisfaction by masters for private work in 
higher classes in schools. 

Ramsay.— THE CATECHISER'S manual; or, the Church 
Catechism illustrated and explained, for the use of Clergymen, 
Schoolmasters, and Teachers. By the Rev. Arthur Ramsay, 
M.A. Second Edition. i8mo. is. dd, 

A clear explanation of the Catechism, by way of Question and Answer. 
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Simpson.— AN epitome of the history of the 

CHRISTIAN CHURCH. By William Simpson, M.A. 
Fifth Edition. Fcap. 8vo. 3j. ^ 

A compendious summary of Church History. 

Swainson.— A handbook to butler's analogy. By 

C. A. SwAiNSONy D.D.y Canon of Chichester. Crown 8vo. \s, 6d, 

This manual is designed to serve as a handbook or rocui'book to the 
Student in reading the Analogy ^ to give the Student a sketch or outline map 
of the country on which he is entering, and to point out to him matters of 
interest cts he i>asses along, 

WestCOtt.— A GENERAL SURVEY OF THE HISTORY 
OF THE CANON OF THE NEW TESTAMENT DURING 
THE FIRST FOUR CENTURIES. By Brooke Foss West- 
COTT, B.D., Canon of Peterborough. Thirt^ Edition, revised. 
Crown 8vo. lor. 6d, 

The Author has endeavoured to connect the history of the New Testament 
Canon with the growth and consolidation of the Church, and to point out 
the relation existing between the amount of evidence for the authenticity of 
its component parts, and the whole mass of Christian literature. Such a 
method of inquiry will conuey both the truest notion of the connexion of the 
written Word with the living Body of Christ, and the surest conviction of 
its divine authority, j[ 

■ 

Of this work the Saturday Review writes: ** Theological students, and 
not they only, but the genercU public, owe a deep debt of gratitude to 
Mr. Westcottfor bringing this subject fairly before them in this candid ana 

comprehensive essay As a theological work it is at once perfectly fair 

and imparticU, and imbued with a thoroughly religious spirit; and as a 
manual it exhibits, in a lucid form and in a narrow compass, the results 
of extensive research and accurate thought. We cordially recommend it, " 
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Westcott {Z,zxiOTL)--coniinued. 

INTRODUCTION TO THE STUDY OF THE FOUR GOSPELS. 
By Brooke Foss "Westcott, B.D. Third Edition. Crown 8vo. 
lor. 6^. 

This book is intended to be an Introduction to the Study of the Gospels, 
The author has mcuie it a point carefully to study the researches of the great 
writers ^ and consciously to neglect none. There is an elaborate discussion 
appended *' On the Primitive Doctrine of Inspiration.** 

A GENERAL VIEW OF THE HISTORY OF THE ENGLISH 
BIBLE. By Brooke Foss Westcott, B.D. Crown 8vo. lor. 6d. 

'' TTte first trustworthy account we have had of that unique and mar- 
Villous monument of the piety of our ancestors." — ^Daily News. 

THE BIBLE IN THE CHURCH. A Popular Account of the 
Collection and Reception of the Holy Scriptures in the Christian 
Churches. Third Edition. By Brooke Foss Westcott, B.D. 
i8mo. doth, 4r. 6d. 

The present book is an attempt to answer a request^ which has been made 
from time to time^ to place in a simple form, for the use of general reader s, 
the substance of the author's **ffistorvofthe Canon of the New Testament." 
An elaborate and comprehensive Introduction is followed by chapters on 
the Bible of the Apostolic Age; on the Growth of the New Testament ; the 
Apostolic Fathers; the Age of the Apologists ; the First Christian Bible; 
the Bible Proscribed and Restored; the Age of Jerome and Augustine ; 
the Bible of the Middle Ages in the West and in the East, and in the 
Sixteenth Century. Two appendices on the History of the Old Testament 
Canon before the Christian Era, and on the Contents of the most ancient 
MSB. of the Christian Bible, complete the volume. 

THE GOSPEL OF THE RESURRECTION. Thoughts on its 
Relation to Reason and History. By Brooke Foss Westcott, 
B.D. New Edition. Fcap. 8vo. 4r. 6dC 
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TTiis Essay is an endeavour to consider some of the elementary truths 
of Christianity as a miraculous Revelation^ from the side oj History and 
Reason, If the arguments which are here adduced are valid^ they will g» 
far to prove that the Resurrection, itnth all that it includes, is the key to 
the history of man, and the complement of reason^ 

Wilson.— AN ENGLISH, HEBREW, AND CHALDEE 
LEXICON AND CONCORDANCE, to the more Correct 
Understanding of the English translation of the Old Testament, 
by reference to the Original Hebrew, By William Wilson, 
D.D., Canon of Winchester, lat^ Fellov of Queen's College, 
Oxford. Second Edition, carefully Revised. 4to. cloth. 25J. 

The aim of this work is, that it should be useful to clergyman and all 
persons engaged in the stucfy of the Bible, even when they do not possess a 
kftowledge of Hebrew ; while able Hebrew scholars have borne testimony to 
the help that they themselves have found in i^. 



^rmmmmmmmmm-mn 



BOOKS ON EDUCATION. 6i 



BOOKS ON EDUCATION. 

Arnold.— A French eton; or, middle class 

EDUCATION AND THE STATE. By Matthew Arnold. 
Fcap. 8vo. cloth, zs, 6d, 
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' A very interesting dissertaiidn on the system of secondary instruction 
in Frccnce^ and on the advisability of copying the system in England^ — 
Saturday Revikw. 

SCHOOLS AND UNIVERSITIES ON THE CONTINENT. 

The Author was in I865 cha'rged Vy the Sthools Inquiry Commissioners 
with the tcLsk of investigating the system of education for the middle and 
uppei^ classes in France^ Italy , Germany^ and Switzerland, In the dis' 
charge of this task he was on the Continent nearly seven months^ ancL 
during that time he visited the four countries named and made a careful 
study of the matters to which the Commissioners had directed his attention. 
The present volume contains the report which he made to them. It is here 
adapted to the Use of the general reader, 

ESSAYS ON A LIBERAL EDUCATION. Edited by tne Rev. 
F. W. Farrar, M.A., F.R.S., Assistant Master at Harrow, 
late Fellow of Trinity College, Cambridge, and Hon. Fellow of 
King's College, London. Second Edition. 8vo. cloth, icxr. dd. 

Contents : — History of Classical Education^ by Charles S. Parker, 
M,A, ; Tlieory of Classical Education, by Henry Sedgwick, MA,; 
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Liberal Education in UniversiHes^ by John Sedey^ M.A, ; Teaching by 
means of Grammar ^ by E, £. Bowen^ M,A. ; Greek and Latin Verse- 
Composition^ by the Rev. J*, JV, Farrar ; Natural Science in Schools^ by 
J. M. Wilson, M,A., EG.S.; The Teaching of English, by J, W, Hales, 
M,A. ; Education of the Reasoning Faculties, by W, Johnson, M»A, ; 
The present Social Results of Classical Education, by Lord Houghton, 

The Authors have sought to hasten the expansion and improvement of 
liberal education by showing in what light some of the most interesting 
questions of Educational Reform are viewed by men who have had 
opportunities for forming a judgment respecting them, and several of 
whom have been for some time engaged in the work of education at our 
Universities and Schools, 



Farrar.— ON some defects IN public school 

EDUCATION. A Lecture delivered at the Royal Institution. 
With Notes and Appendices. Crown 8va is. 



Jex-Blake.— A visit to some American schools 

AND colleges. By Sophia Jex-Blake. Crown 8vo. doth. 
6f. 
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In the following pages I have endeavoured to give a simple and accurate 
account of what I saw during a series of visits to some of the Schools and 
Colleges in the United States. . . . I wish simply to give other teachers an 
opportunity of seeing through my eyes what they cannot perhaps see for 
themselves, and to this end I have recorded just such particulars cu I should 
myself care to know." — ^Author's Preface. 

*^Miss Blake gives a living picture of the Schools and Colleges them' 
selves in which that education is carried onP — Pall Mall Gazette. 
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Quain (Richard, F.R.S.)— on SOME DEFECTS IN ' 

GENERAL EDUCATION. By Richard Quain, F.R.S. 
Crown 8vo. 3^. dd. 



